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Voting Rules Matter
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‣ Plurality 
used in US, Mexico, South Korea, … 

‣ Borda  
used in Slovenia, at Harvard University, ESC, … 

‣ Schulze 
used by Pirate Party, Wikipedia, Debian, … 

‣ Instant-runoff  
used in Canada, UK, Hollywood (Academy Awards), … 

‣ Plurality with runoff 
used in France, Brazil, Russia, …
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D. Felsenthal (2018):  
On Paradoxes Afflicting Voting Procedures Plurality Borda Schulze IRV Plurality w/ 

Runoff
Maximal 
Lotteries

Condorcet winner paradox ⚠ ⚠ — ⚠ ⚠ —

Absolute majority paradox — ⚠ — — — —

Condorcet loser paradox ⚠ — — — — —

Absolute loser paradox ⚠ — — — — —

Pareto paradox — — — — — —

Additional support paradox — — — ⚠ ⚠ (—)

Consistency paradox — — ⚠ ⚠ ⚠ —

No-Show paradox — — ⚠ ⚠ ⚠ —

Twin paradox — — ⚠ ⚠ ⚠ —

Subset choice paradox ⚠ ⚠ ⚠ ⚠ ⚠ —

Preference inversion paradox ⚠ — — ⚠ ⚠ —
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Turning Impossibilities into 
Characterizations of Maximal Lotteries

‣ Arrow’s impossibility (1951) 
➔ Brandl and B., Arrovian Aggregation of Convex Preferences  

Econometrica (forthcoming)  
 

‣ Consistency impossibility (1978) 
➔ Brandl et al., Consistent Probabilistic Social Choice  

Econometrica (2016)  
 

‣ No-show paradox (1988) 
➔ Brandl et al., Welfare Maximization Entices Participation 

Games and Economic Behavior (2018)
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Arrow’s Impossibility
‣ All social welfare functions (SWF) f: DN → R satisfying 

‣ Pareto optimality and 
‣ independence of irrelevant alternatives 
are dictatorial. 

‣ D = R = all transitive relations 
‣ Standard approaches to circumvent Arrow’s impossibility: 

‣ Relax R: quasi-transitive, acyclic, path independent prefs 
E.g., Sen (1969), Gibbard (1969), Mas-Colell & Sonnenschein (1972), 
Blau & Deb (1977) 

‣ Restrict D: dichotomous, single-peaked, value-restricted prefs  
E.g., Black (1948), Inada (1969), Sen & Pattanaik (1969)
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Convex Preferences
‣ ∆: convex hull of some finite universal set of  

alternatives U 
‣ Outcomes are distributions of divisible resources  

such as probability, time, or money 
‣ ≻: asymmetric preference relation over ∆ 

‣ U(p)={q∈∆: q≻p}, L(p)={q∈∆: p≻q}, I(p) = {q∈∆: p∼q} 

‣ ≻ is continuous and convex. 
‣ For any p ∈ ∆, U(p) and L(p) are open and 

U(p), L(p), U(p)∪I(p), and L(p)∪I(p) are convex. 

‣ Note the absence of transitivity. 
‣ Theorem (Sonnenschein, 1971): ≻ admits a maximal element 

in every non-empty, compact, and convex set.
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SSB Utility Functions
‣ Theorem (Fishburn, 1982): There is a skew-symmetric, 

bilinear (SSB) function φ: ∆×∆→ℝ such that for all p,q ∈ ∆, 
p ≻ q  ⇔  φ(p,q) > 0 

iff ≻ satisfies an axiom called symmetry.
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Preference Aggregation

‣ N = {1,…,n}: finite set of agents 
‣ D ⊆ R: domain of preference relations 
‣ f: DN → R: Arrovian SWF satisfying 

‣ Pareto optimality: Let p,q ∈ ∆, RN ∈ DN, and f(RN)=≻. 
(∀ i∈N: p ︎~i q)  ⇒  p ︎~ q 
(∀ i∈N: p ︎≿i q) ∧ (∃ i∈N: p ≻i q)  ⇒  p ≻ q. 

‣ Independence of irrelevant alternatives: Let RN,R’N ∈ DN and X ⊆ U. 
RN|∆X = R’N|∆X  ⇒  f(RN)|∆X = f(R’N)|∆X .

18
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When is Arrovian Aggregation possible?

‣ Theorem 1: Let f be an anonymous Arrovian SWF on some 
rich domain D with |U|≥4. Then, D⊆PC. 

‣ PC (pairwise comparison): φ(a,b) ∈ {-1, 0, +1} for all a,b ∈ U. 
‣ p ≻ q ⇔ p is more likely to return a better alternative than q. 

‣ Evidence for PC prefs (Blavatskyy, 2006; Butler & Pogrebna, 2018)
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How is Arrovian Aggregation possible?

‣ Theorem 2: Let f be an Arrovian SWF on some rich domain 
D⊆PC with |U|≥5. Then,  
 
 
with wi > 0 for all i∈N. 

‣ Corollary: Let |U|≥5 and D be a rich domain. An anonymous 
SWF is Arrovian iff  
 
 

‣ p ≻ q ⇔ it is more likely that a randomly selected agent 
prefers the outcome of p to that of q

20

f(RN) =
X
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φi and D ✓ PC.
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Example
‣ Collective prefs over alternatives coincide with majority rule. 
‣ Majority cycle: 
 
 
 
 
 
 
 

‣ Unique collectively most preferred outcome is (⅓,⅓,⅓). 
‣ Maximal lottery (Kreweras, 1965; Fishburn, 1984)

21

•

<latexit sha1_base64="aCvKkhx/k2eksTc1aFtg5ExZEQc="></latexit><latexit sha1_base64="maW6hm6ywvk07Nh+3q/V0h1g/Cc="></latexit>

<latexit sha1_base64="maW6hm6ywvk07Nh+3q/V0h1g/Cc="></latexit>

<latexit sha1_base64="maW6hm6ywvk07Nh+3q/V0h1g/Cc="></latexit>

0

@
0 1 1
�1 0 1
�1 �1 0

1

A+

0

@
0 �1 �1
1 0 1
1 �1 0

1

A+

0

@
0 1 �1
�1 0 �1
1 1 0

1

A =

0

@
0 1 �1
�1 0 1
1 �1 0

1

A

<latexit sha1_base64="uYiiIfK1hAaqEgkYuXreBDHZQuM="></latexit>



Arrovian Aggregation of Convex Preferences Felix Brandt

Further Results
‣ Continuity and convexity are necessary and sufficient for 

consistent choice behavior (in the form of Sen’s α and γ). 
‣ When restricting attention to v. Neumann-Morgenstern prefs, 

‣ Arrovian aggregation is only possible for dichotomous preferences 
and only via “approval voting”. 

‣ You can play around with maximal lotteries on voting.ml.
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