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- N: finite set of n agents, A: finite set of m alternatives

Arrovian Aggregation

- R set of all strict partial orders on A
- £ set of all strict total orders on A

- Social welfare function (SWF) maps R € #" to > € R
- Weak efficiency: (ViEN: x> y) = x>y
1A R‘{x,y} - R‘{x,y} =~ >‘{x,y} - >‘{x,y}
Dictatorship: ~ x>;y = x> yforsome fixedi € N
>~ Theorem (Arrow, 1951; 1963):

Fvery SWF #Y — R that satisfies weak efficiency and IIA is dictatorial.

also holds for domain &V
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Oskar Morgenstern

« Lotteries and Expected Utility

- A: set of probability distributions (lotteries) over A

- A preference relation > on A is a vNM relation if there exists a
utility function u : A — R such thatforallp,ge A, p >q & p'u> q'u.

> R set of all YNM preference relations over A

> Theorem (von Neumann & Morgenstern, 1947):
> € R v S > istransitive, asymmetric, continuous, and independent

Continuity: upper and lower contour sets are open.
Independence: Vp,qg,re A,A€O,1): p>qg © Ap+{U—=-Dr>Ag+ ({1 = r
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mom Arrovian Aggregation with
vNM Preferences

- Ay C A: set of probability distributions with support in X C A.
- IA: VXCU: Rl, =R, = >, =>I|,
- only faces of the simplex are feasible

> Theorem (Kalai & Schmeidler, 1977; Hylland, 1980): Let m > 4.
Fvery weakly efficient and IIA SWF & — Z_ is dictatorial.

- ex post efficiency suffices

- Le Breton (1986), Mongin (1994), and others have shown related results for

stronger IIA, stronger efficiency, and broader codomain.
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m Arrovian Aggregation with
vNM Preferences (ctd.)

- Which Cartesian subdomains of &£ .., allow for Arrovian aggregation?

- R all vNM preference relations with u(x) € {0,1} for all x € A.

- Efficiency: (VieN:pZzZ.gAhndieN:p> q) = p>qgand

(ViEN:p~;q) = p~g

- Theorem (Brandl et al., 2020):
letm >4 and Y C £, be a rich domain that allows for an anonymous,
efficient, IA SWF f: 2V - R_,.Then, 2 C Z_ and f = ZieN U

- p > q < more likely that a randomly sampled agent approves outcome of p

- characterization of dichotomous preferences and approval voting
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SSB Preferences

Peter C. Fishburn

- A preference relation > on A is an SSB relation if there exists a skew-
symmetric, bilinear (SSB) function ¢ : A X A = R such that for all p, g € A,

p>qg & p'og>0.

0 3 4 0 2 -1
Examples: ¢p = -3 0 1 , o= -2 0 1
-4 -1 0 1 -1 O

- R set of all SSB preference relations over A

- R © Rt When @(x, y) = u(x) — u(y) for some utility function u, then > € £_,..

SSB*

Despite the lack of transitivity, every non-empty, compact, and convex subset of A
admits a maximal element (von Neumann, 1928).
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SSB Preferences (ctd.)

~ Theorem (Fishburn, 1982: Brandl et al., 2020):
> € R, © > isasymmetric, continuous, convex, and symmetric
Convexity: weak and strict upper and lower contour sets are convex
Symmetry: Vp,qg,r € A, A € (0,1):
g~rep+hrAip+U—-ANDr~Yp+hg = Ar+—=-A)p~r+f2g
- No independence, no transitivity!

Human decision makers systematically violate independence (e.g., Allais, 1953;
Kahneman and Tversky, 1979; Machina, 1983, 1989; McClennen, 1988)

Transitivity is criticized as unnecessarily demanding (e.g., May, 1954; Fishburn, 1970,

1991; Bar-Hillel and Margalit, 1988; Anand, 1993, 2009; Hara et al., 2019).

> Fishburn has written a dozen papers and one book about SSB preferences.
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SSB

Pairwise Comparisons (PC)  « &«

dich
- R, set of all SSB relations with ¢(x,y) = {—1,0,1} forall x,y € A.
~ Canonical way to extend preferences from A to A:
+1 ifx>y
Vx,ye€A: ¢p(x,y) =4 -1 ify>ux
0 otherwise
( 0 1 1)
Example: a > b > ¢ corresponds to ¢ = -1 0 1]
-1 -1 0 .
PGS X a o PO g > q(x) - p(y)
more likely that p yields a better outcome than ¢
agent less frequently regrets choosing p than choosing g
_—
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SSB

PC Preferences wm e

dich

- PC preferences were studied independently of SSB preferences:
rule of expected dominance, preference for the most probable winner

(e.g, Blyth, 1972; Packard, 1982; Blavatskyy, 2006).
>~ When m > 4, > can be cyclic on A, even when > \A IS transitive.
a>b>c>d
p= (O 0, 1, 0)

g= (%, 0, 0, 35) p>qg>r>p
r= (0, 3, 0, %)

- Steinhaus—Trybula paradox (e.g., Steinhaus and Trybula, 1959; Rubinstein and Segal,
2012; Butler and Pogrebna, 2018).
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m Arrovian Aggregation with
SSB Preferences

~ Theorem (Brandl et al., 2020):
Lletm > 5 and &Y C A, be a rich domain that allows for an anonymous, efficient, and

IASWFf: D% — R, Then, D C R andf= 3 _ ¢,

- p > q < more likely that a randomly sampled agent prefers outcome of p to that of g

www.voting.ml

>|, coincides with majority rule.

0 1 1 0 -1 -1 0 1 -1 0 1 -1
-1 0 1]+ 1 o0 1)+{-1 O —-1)={(-1 O 1
-1 =1 0 1 =1 O 1 1 0 1 =1 0

- Choice function known as Maximal Lotteries (Kreweras, 1965; Fishburn, 1984)

Randomized Mechanisms Beyond Expected Ultility 11 Felix Brandt


http://www.voting.ml

i A G

Arrovian Aggregation Strategyproof Social Choice Fair Assignment



**i) Strategyproof Social Choice

- Social choice function (SCF) f: #" — A.
- Strategyproofness: f(R) Z. f(R_,>!)foralli €N, > € X

~ Theorem (Gibbard, 1973; Satterthwaite, 1975): Let m > 3.
Fvery weakly efficient and strategyproof SCF %" — A is dictatorial.

- also holds for domain &

> Theorem (Hylland, 1980): Let m > 3.
Fvery weakly efficient, strategyproof SCF %" — A is randomly dictatorial.

Fvery efficient, strategyproof SCF & — A is dictatorial.
- also holds for {> € & ,,,: >|, € Z}"
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<~ Strategyproof Social Choice
*%* with vNM and PC Preferences

> Theorem (Brandl et al., 2018): Let m,n > 4 and &Y C £ ., such that
D |, = K. Then, there is no anonymous, neutral, efficient, and strategypoof

SCF 9% — A.

~ Theorem (Aziz et al., 2018): Let m,n > 3.
There is no anonymous, neutral, efficient, and strategyproof SCF

(> € R >, € R} > A

 Theorem (B. et al., 2023): Letm >4, n > 3, and n # 4,6.
There is no anonymous, neutral, efficient, and strategyproof SCF

(> € R >, e L} > A
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**i} Participation

> Condorcet-consistency:

dxeAVyeA: [{ieN: x>y} >[{ieN:y>x}| = f(R)=x
~ Participation: f(R) Z; f(R_) foralli e N
» Theorem (Moulin, 1988): Let m > 4 and n > 25.

No SCF " — A satisfies Condorcet-consistency and participation.
- Brandt et al. (2017) have shown that this even holds when n > 12.

~ Theorem (Brandl et al., 2019):
Any SCF %2 — A that returns p with p’ ZieN ¢; > 0 (a maximal lottery)

satisfies Condorcet-consistency and participation.
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- A: set of n objects, assignment with unit demand

Fair Assignment

- p: random assignment, represented as bistochastic matrix
1o Vs 4 P1
Eeg., p='"%~ 0 % ]|=|P
O 34 Va P3
- Each agent1 € N receives lottery p..
- Envy-freeness: p; Z; p;forall i,j € N

- Theorem (Hylland & Zeckhauser, 1979): For all R € &
efficient and envy-free p.
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% Fair Assignment with
SSB Preferences

- Theorem (Becker et al., 2026):

For every n > 3, there is R € A~ that admits no efficient and envy-free p.

- a-envy-freeness: ¢(p;,p;) < atoralli,j € N.
- Theorem (-): For all R € %~

SSB
- via Kakutani’s fixed-point theorem and SSB eftficiency welfare theorem (Aziz et al., 2015)
> Roor € R0 p > q for all maximal p and non-maximal g

(ReR..:R|, €L C{RERR|, €RN C X

and a > 0, there is an efficient and a-envy-free p.

SSBT

» Theorem (-): For all R € @é\;8+, there is an efficient and envy-free p.

- via generalization of Hylland-Zeckhauser pseudo-market

Randomized Mechanisms Beyond Expected Utility 18 Felix Brandt



&a2) Ordinal Random Assignment

PC-efficiency PC-envy-freeness

- Extend ordinal preferences from &£ to £,...

> RSD: Random serial dictatorship

Abdulkadiroglu and Sonmez (1998)

> PS: Probabilistic serial
Bogomolnaia and Moulin (2001)

1,2,.3:a>b>c>d,

/3 1/8 1/3 5/24
/3 1/8 1/3 5/24
/3 1/8 1/3 5/24
0 58 0 3/8

—

> POP: Popular/maximal lotteries

Kavitha et al. (2011)
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- Hylland-Zeckhauser pseudo-markets are not strategyproof.

Zhou (1990) proved that no random assignment rule satisfies efficiency, strategyproofness,
and equal treatments of equals.

Open Problems

> PC-strategyproofness of ordinal random assignment rules: RSD: v, PS: — (n>5)

> Conjecture: No ordinal random assignment rule satisfies PC-efficiency,
PC-strategyproofness, and equal treatment of equals.

- Computing Hylland-Zeckhauser equilibria for £ _., is PPAD-hard.
> Is this also the case for £,

- Are Hylland-Zeckhauser equilibria always rational-valued for &,
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