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Arrovian Aggregation
‣ : finite set of  agents, : finite set of  alternatives 

‣ : set of all strict partial orders on  

‣ : set of all strict total orders on  

‣ Social welfare function (SWF) maps  to  
‣ Weak efficiency:  

‣ IIA:      

‣ Dictatorship:   for some fixed  

‣ Theorem (Arrow, 1951; 1963):  
Every SWF  that satisfies weak efficiency and IIA is dictatorial. 
‣ also holds for domain 

N n A m
ℛ A
ℒ A

R ∈ ℛN ≻ ∈ ℛ
(∀i ∈ N : x ≻i y) ⇒ x ≻ y
R |{x,y} = R̂ |{x,y} ⇒ ≻|{x,y} = ≻̂|{x,y}

x ≻i y ⇒ x ≻ y i ∈ N

ℛN → ℛ
ℒN
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Lotteries and Expected Utility

‣ : set of probability distributions (lotteries) over  

‣ A preference relation  on  is a vNM relation if there exists a  
utility function  such that for all , . 

‣ : set of all vNM preference relations over  

‣ Theorem (von Neumann & Morgenstern, 1947): 
 is transitive, asymmetric, continuous, and independent 

‣ Continuity:   upper and lower contour sets are open. 
‣ Independence: 

Δ A
≻ Δ

u : A → ℝ p, q ∈ Δ p ≻ q ⇔ p𝖳u > q𝖳u
ℛ𝗏𝖭𝖬 Δ

≻ ∈ ℛ𝗏𝖭𝖬 ⇔ ≻

∀p, q, r ∈ Δ, λ ∈ (0,1) : p ≻ q ⇔ λp + (1 − λ)r ≻ λq + (1 − λ)r
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Arrovian Aggregation with 
vNM Preferences

‣ :  set of probability distributions with support in . 

‣ IIA:    

‣ only faces of the simplex are feasible 

‣ Theorem (Kalai & Schmeidler, 1977; Hylland, 1980): Let . 
Every weakly efficient and IIA SWF  is dictatorial. 
‣ ex post efficiency suffices 

‣ Le Breton (1986), Mongin (1994), and others have shown related results for 
stronger IIA, stronger efficiency, and broader codomain.

ΔX ⊆ Δ X ⊆ A
∀X ⊆ U : R |ΔX

= R̂ |ΔX
⇒ ≻|ΔX

= ≻̂|ΔX

m ≥ 4
ℛN

𝗏𝖭𝖬 → ℛ𝗏𝖭𝖬
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Arrovian Aggregation with 
vNM Preferences (ctd.)

‣ Which Cartesian subdomains of  allow for Arrovian aggregation? 

‣ : all vNM preference relations with  for all . 

‣ Efficiency:   and 
      

‣ Theorem (Brandl et al., 2020): 
Let  and  be a rich domain that allows for an anonymous, 
efficient, IIA SWF . Then,  and .  

‣ more likely that a randomly sampled agent approves outcome of  

‣ characterization of dichotomous preferences and approval voting

ℛ𝗏𝖭𝖬

ℛ𝖽𝗂𝖼𝗁 u(x) ∈ {0,1} x ∈ A
(∀i ∈ N : p ≿i q ∧ ∃i ∈ N : p ≻i q) ⇒ p ≻ q
(∀i ∈ N : p ∼i q) ⇒ p ∼ q

m ≥ 4 𝒟 ⊆ ℛ𝗏𝖭𝖬

f : 𝒟N → ℛ𝗏𝖭𝖬 𝒟 ⊆ ℛ𝖽𝗂𝖼𝗁 f ≡ ∑i∈N ui

p ≻ q ⇔ p
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SSB Preferences
‣ A preference relation  on  is an SSB relation if there exists a skew-

symmetric, bilinear (SSB) function  such that for all , 
. 

‣ Examples:     ,    

‣ : set of all SSB preference relations over  
‣ : When  for some utility function , then . 

‣ Despite the lack of transitivity, every non-empty, compact, and convex subset of   
admits a maximal element (von Neumann, 1928).

≻ Δ
ϕ : A × A → ℝ p, q ∈ Δ

p ≻ q ⇔ p𝖳ϕq > 0

ϕ = (
0 3 4

−3 0 1
−4 −1 0) ϕ = (

0 2 −1
−2 0 1

1 −1 0)
ℛ𝖲𝖲𝖡 Δ

ℛ𝗏𝖭𝖬 ⊆ ℛ𝖲𝖲𝖡 ϕ(x, y) = u(x) − u(y) u ≻ ∈ ℛ𝗏𝖭𝖬

Δ
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SSB Preferences (ctd.)
‣ Theorem (Fishburn, 1982; Brandl et al., 2020): 

 is asymmetric, continuous, convex, and symmetric 
‣ Convexity: weak and strict upper and lower contour sets are convex 
‣ Symmetry: 

 

‣ No independence, no transitivity! 
‣ Human decision makers systematically violate independence (e.g., Allais, 1953; 

Kahneman and Tversky, 1979; Machina, 1983, 1989; McClennen, 1988) 
‣ Transitivity is criticized as unnecessarily demanding (e.g., May, 1954; Fishburn, 1970, 

1991; Bar-Hillel and Margalit, 1988; Anand, 1993, 2009; Hara et al., 2019). 

‣ Fishburn has written a dozen papers and one book about SSB preferences.

≻ ∈ ℛ𝖲𝖲𝖡 ⇔ ≻

∀p, q, r ∈ Δ, λ ∈ (0,1) :
q ∼ ½ p + ½ r ∧ λp + (1 − λ)r ∼ ½ p + ½ q ⇒ λr + (1 − λ)p ∼ ½ r + ½ q
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Pairwise Comparisons (PC)
‣ : set of all SSB relations with  for all . 

‣ Canonical way to extend preferences from  to :  

  

‣ Example:   corresponds to . 

‣  

‣ more likely that  yields a better outcome than  

‣ agent less frequently regrets choosing  than choosing 

ℛ𝖯𝖢 ϕ(x, y) = {−1,0,1} x, y ∈ A
A Δ

∀x, y ∈ A : ϕ(x, y) =
+1 if x ≻ y
−1 if y ≻ x

0 otherwise

a ≻ b ≻ c ϕ = (
0 1 1

−1 0 1
−1 −1 0)

p ≻ q ⇔ ∑x,y∈A : x≻y p(x) ⋅ q(y) > ∑x,y∈A : x≻y q(x) ⋅ p(y)
p q

p q
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PC Preferences
‣ PC preferences were studied independently of SSB preferences:  

rule of expected dominance, preference for the most probable winner  
(e.g, Blyth, 1972; Packard, 1982; Blavatskyy, 2006). 

‣ When ,  can be cyclic on , even when  is transitive. 
‣               

 

     

‣ Steinhaus–Trybula paradox (e.g., Steinhaus and Trybula, 1959; Rubinstein and Segal, 
2012; Butler and Pogrebna, 2018).

m ≥ 4 ≻ Δ ≻|A
a ≻ b ≻ c ≻ d

p = (0, 0, 1, 0)
q = (⅖, 0, 0, ⅗)
r = (0, ⅗, 0, ⅖)

p ≻ q ≻ r ≻ p
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Arrovian Aggregation with 
SSB Preferences

‣ Theorem (Brandl et al., 2020): 
Let  and  be a rich domain that allows for an anonymous, efficient, and 
IIA SWF . Then,  and . 

‣ more likely that a randomly sampled agent prefers outcome of  to that of  

‣  coincides with majority rule. 

‣  

 
 
 
 

‣ Choice function known as Maximal Lotteries (Kreweras, 1965; Fishburn, 1984)

m ≥ 5 𝒟 ⊆ ℛ𝖲𝖲𝖡

f : 𝒟N → ℛ𝖲𝖲𝖡 𝒟 ⊆ ℛ𝖯𝖢 f ≡ ∑i∈N ϕi
p ≻ q ⇔ p q
≻|A

(
0 1 1

−1 0 1
−1 −1 0) + (

0 −1 −1
1 0 1
1 −1 0) + (

0 1 −1
−1 0 −1

1 1 0) = (
0 1 −1

−1 0 1
1 −1 0)
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Strategyproof Social Choice

‣ Social choice function (SCF) . 

‣ Strategyproofness:  for all  

‣ Theorem (Gibbard, 1973; Satterthwaite, 1975): Let . 
Every weakly efficient and strategyproof SCF  is dictatorial. 
‣ also holds for domain  

‣ Theorem (Hylland, 1980): Let . 
Every weakly efficient, strategyproof SCF  is randomly dictatorial. 
Every efficient, strategyproof SCF  is dictatorial. 
‣ also holds for 

f : ℛN → A
f(R) ≿i f(R−i, ≻′￼i ) i ∈ N, ≻′￼i ∈ ℛ

m ≥ 3
ℛN → A

ℒN

m ≥ 3
ℛN

𝗏𝖭𝖬 → Δ
ℛN

𝗏𝖭𝖬 → Δ
{≻ ∈ ℛ𝗏𝖭𝖬 : ≻|A ∈ ℒ}N
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Strategyproof Social Choice 
with vNM and PC Preferences

‣ Theorem (Brandl et al., 2018): Let  and  such that 
. Then, there is no anonymous, neutral, efficient, and strategypoof 

SCF . 

‣ Theorem (Aziz et al., 2018): Let . 
There is no anonymous, neutral, efficient, and strategyproof SCF 

.  

‣ Theorem (B. et al., 2023): Let , , and . 
There is no anonymous, neutral, efficient, and strategyproof SCF 

. 

m, n ≥ 4 𝒟 ⊆ ℛ𝗏𝖭𝖬

𝒟 |A = ℛ
𝒟N → Δ

m, n ≥ 3

{≻ ∈ ℛ𝖯𝖢 : ≻|A ∈ ℛ}N → Δ
m ≥ 4 n ≥ 3 n ≠ 4,6

{≻ ∈ ℛ𝖯𝖢 : ≻|A ∈ ℒ}N → Δ
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Participation

‣ Condorcet-consistency: 
 

‣ Participation:  for all  

‣ Theorem (Moulin, 1988): Let  and .  
No SCF  satisfies Condorcet-consistency and participation. 
‣ Brandt et al. (2017) have shown that this even holds when . 

‣ Theorem (Brandl et al., 2019):  
Any SCF  that returns  with  (a maximal lottery) 
satisfies Condorcet-consistency and participation.

∃x ∈ A ∀y ∈ A : |{i ∈ N : x ≻i y}| > |{i ∈ N : y ≻i x}| ⇒ f(R) = x
f(R) ≿i f(R−i) i ∈ N

m ≥ 4 n ≥ 25
ℒN → A

n ≥ 12

ℛN
𝖯𝖢 → Δ p p𝖳 ∑i∈N ϕi ≥ 0
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Fair Assignment

‣ : set of  objects, assignment with unit demand 

‣ : random assignment, represented as bistochastic matrix 

‣
E.g.,   

‣ Each agent  receives lottery . 

‣ Envy-freeness:  for all  

‣ Theorem (Hylland & Zeckhauser, 1979): For all , there is an 
efficient and envy-free .

A n
p

p = (
½ ¼ ¼
½ 0 ½
0 ¾ ¼) =

p1
p2
p3

i ∈ N pi

pi ≿i pj i, j ∈ N

R ∈ ℛN
𝗏𝖭𝖬

p
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Fair Assignment with  
SSB Preferences

‣ Theorem (Becker et al., 2026):  
For every , there is  that admits no efficient and envy-free . 

‣ -envy-freeness:  for all . 

‣ Theorem (⋅): For all  and , there is an efficient and -envy-free . 
‣ via Kakutani’s fixed-point theorem and SSB efficiency welfare theorem (Aziz et al., 2015) 

‣ :  for all maximal  and non-maximal  
‣  

‣ Theorem (⋅): For all , there is an efficient and envy-free . 
‣ via generalization of Hylland-Zeckhauser pseudo-market 

n ≥ 3 R ∈ ℛN
𝖲𝖲𝖡 p

α ϕi(pj, pi) ≤ α i, j ∈ N

R ∈ ℛN
𝖲𝖲𝖡 α > 0 α p

ℛ𝖲𝖲𝖡+ ⊆ ℛ𝖲𝖲𝖡 p ≻ q p q
{R ∈ ℛ𝖯𝖢 : R |A ∈ ℒ}N ⊆ {R ∈ ℛ𝖯𝖢 : R |A ∈ ℛ}N ⊆ ℛ𝖲𝖲𝖡+

R ∈ ℛN
𝖲𝖲𝖡+ p
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Ordinal Random Assignment
‣ Extend ordinal preferences from  to . 

‣ RSD: Random serial dictatorship 
‣ Abdulkadiroglu and Sönmez (1998) 

‣ PS: Probabilistic serial 
‣ Bogomolnaia and Moulin (2001) 

 
 
 
 

‣ POP: Popular/maximal lotteries 
‣ Kavitha et al. (2011)

ℒ ℛ𝖯𝖢

19

PC-efficiency PC-envy-freeness

RSD — (n≥4) — (n≥7)

PS — (n≥4) ✓
POP ✓ — (n≥5)

HZ ✓ ✓

Draft – June 13, 2026

The probabilistic serial (PS) rule was introduced by Bogomolnaia and Moulin (2001)
and works by letting agents “eat” probability shares from their most preferred object at
uniform speed subject to availability. Bogomolnaia and Moulin showed that PS satisfies
strong SD-envy-freeness and strong SD-e!ciency. While strong SD-envy-freeness implies
PC -envy-freeness, the following example, adapted from Brandl (2013, pp. 45–46), shows
that PS violates weak PC -e!ciency.5

Example 3 (PS violates weak PC -e!ciency). Consider the preference profile with n = 4
where agents have the following strict orders over objects:

1, 2, 3 : a → b → c → d

4 : b → a → c → d

Now consider the two random assignments X and Y . X is the assignment returned by
PS , while Y strongly PC -dominates X. This means that every agent i strictly prefers
lottery yi to lottery xi.

X =

)︄

[︄[︄]︄

1/3 1/6 1/4 1/4

1/3 1/6 1/4 1/4

1/3 1/6 1/4 1/4

0 1/2 1/4 1/4

⌊︄

⌋︄⌋︄⌈︄ , Y =

)︄

[︄[︄]︄

1/3 1/8 1/3 5/24

1/3 1/8 1/3 5/24

1/3 1/8 1/3 5/24

0 5/8 0 3/8

⌊︄

⌋︄⌋︄⌈︄

)︄

[︄[︄]︄

1/3 1/8 1/3 5/24

1/3 1/8 1/3 5/24

1/3 1/8 1/3 5/24

0 5/8 0 3/8

⌊︄

⌋︄⌋︄⌈︄ →

)︄

[︄[︄]︄

1/3 1/6 1/4 1/4

1/3 1/6 1/4 1/4

1/3 1/6 1/4 1/4

0 1/2 1/4 1/4

⌊︄

⌋︄⌋︄⌈︄ = p
PS

The above example is not exceptional. Morawski (2022) sampled thousands of pref-
erence profiles for varying n and observed that the fraction of profiles at which PS
violates weak PC -e!ciency quickly approaches one as n increases. PS violates weak
PC -e!ciency in more than one quarter of all profiles when n = 4. The probability that
a randomly sampled profile for n = 7 has this property already exceeds 90%. The PC
probability margin (i.e., the maximal di"erence of both sides of the PC inequality above)
also increases with n. When n = 5, this margin can already exceed 1/3. This means
there are profiles where the PS random assignment is dominated by another random
assignment in which some agents are twice as likely to be better o". Weak PC -e!ciency
failures of RSD are even more frequent and more pronounced.

Finally, we consider popular random assignments (POP), as proposed by Kavitha et al.
(2011). A random assignment is popular if there does not exist another random assignment
that is preferred by an expected majority of agents. Popular random assignments always
exist, but need not be unique. As pointed out by Aziz et al. (2013), popular random

5
While PS is SD-e!cient, it is known that PS fails to meet e!ciency for certain vNM utility functions.

For example, Example 3 can also be used to show that PS is ine!cient for equidistant vNM utility

vectors (3, 2, 1, 0). It follows from a result by Cho and Dogan (2016) that PS is e!cient for utility

functions that are rapidly decreasing either at the top or at the bottom. Garg et al. (2026) have

shown that PS is (lnn+ 1)-approximately e!cient for vNM utilities.
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PC-efficiency

SD-efficiency

PC-envy-freeness

weak SD-envy-freeness

strong SD-envy-freeness

Draft – June 15, 2026

The probabilistic serial (PS) rule was introduced by Bogomolnaia and Moulin (2001)
and works by letting agents “eat” probability shares from their most preferred object at
uniform speed subject to availability. Bogomolnaia and Moulin showed that PS satisfies
strong SD-envy-freeness and strong SD-e!ciency. While strong SD-envy-freeness implies
PC -envy-freeness, the following example, adapted from Brandl (2013, pp. 45–46), shows
that PS violates weak PC -e!ciency.5

Example 3 (PS violates weak PC -e!ciency). Consider the preference profile with n = 4
where agents have the following strict orders over objects:

1, 2, 3 : a → b → c → d, 4 : b → a → c → d

Now consider the two random assignments X and Y . X is the assignment returned by
PS , while Y strongly PC -dominates X. This means that every agent i strictly prefers
lottery yi to lottery xi.

X =

)︄

[︄[︄]︄

1/3 1/6 1/4 1/4

1/3 1/6 1/4 1/4

1/3 1/6 1/4 1/4

0 1/2 1/4 1/4

⌊︄

⌋︄⌋︄⌈︄ , Y =

)︄

[︄[︄]︄

1/3 1/8 1/3 5/24

1/3 1/8 1/3 5/24

1/3 1/8 1/3 5/24

0 5/8 0 3/8

⌊︄

⌋︄⌋︄⌈︄

The above example is not exceptional. Morawski (2022) sampled thousands of prefer-
ence profiles for varying n and observed that the fraction of profiles at which PS violates
weak PC -e!ciency quickly approaches 1 as n increases. PS violates weak PC -e!ciency
in more than one quarter of all profiles when n = 4. The probability that a randomly
sampled profile for n = 7 has this property already exceeds 90%. The PC probability
margin (i.e., the maximal di"erence of both sides of the PC inequality above) also
increases with n. When n = 5, this margin can already exceed 1/3. This means there are
profiles where the PS random assignment is dominated by another random assignment
in which some agents are twice as likely to be better o". Weak PC -e!ciency failures of
RSD are even more frequent and more pronounced.

Finally, we consider popular random assignments (POP), as proposed by Kavitha et al.
(2011). A random assignment is popular if there does not exist another random assignment
that is preferred by an expected majority of agents. Popular random assignments always
exist, but need not be unique. As pointed out by Aziz et al. (2013), popular random
assignments are a special case of maximal lotteries, which exhibit desirable properties
in social choice theory (e.g., Fishburn, 1984a; Brandl et al., 2016; Brandl and Brandt,
2020). Maximal lotteries (and hence popular random assignments) maximize utilitarian
SSB welfare for PC utility functions (Brandl et al., 2019). As a consequence, all popular
random assignments are strongly PC -e!cient. However, Aziz et al. (2013) constructed
a preference profile that admits no popular random assignment that satisfies strong

5
While PS is SD-e!cient, it is known that PS fails to meet e!ciency for certain vNM utility functions.

For example, Example 3 can also be used to show that PS is ine!cient for equidistant vNM utility

vectors (3, 2, 1, 0). It follows from a result by Cho and Dogan (2016) that PS is e!cient for utility

functions that are rapidly decreasing either at the top or at the bottom. Garg et al. (2026) have

shown that PS is (lnn+ 1)-approximately e!cient for vNM utilities.
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Open Problems

‣ Hylland-Zeckhauser pseudo-markets are not strategyproof. 
‣ Zhou (1990) proved that no random assignment rule satisfies efficiency, strategyproofness, 

and equal treatments of equals. 

‣ PC-strategyproofness of ordinal random assignment rules: RSD: ✓, PS: — (n≥5) 

‣ Conjecture: No ordinal random assignment rule satisfies PC-efficiency,  
PC-strategyproofness, and equal treatment of equals. 

‣ Computing Hylland-Zeckhauser equilibria for  is PPAD-hard. 

‣ Is this also the case for ? 

‣ Are Hylland-Zeckhauser equilibria always rational-valued for ?

ℛ𝗏𝖭𝖬

ℛ𝖯𝖢

ℛ𝖯𝖢
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