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ABSTRACT

Background: Fractional Hedonic Games (FHGs) are a prominent
model for coalition formation. Independently, weighted matching
on graphs is of interest. Moreover, it is known to achieve good
approximation ratios for many cardinal hedonic games. We study
two online models for both settings.

Objectives and Research Questions: We investigate the com-
petitive ratio when maximizing social welfare (resp., maximum
weight) for online FHGs (resp., online matching). It is known that
for adversarial agent arrival, this ratio is bounded only if agents’
valuations (resp., edge weights) are themselves bounded. Hence,
we ask whether this changes in two natural related settings. The
first is random agent arrival. The second allows for adversarial ar-
rival but algorithms are allowed to irrevocably and entirely dissolve
coalitions.

Methods: We construct worst-case instances for upper bounds and
describe algorithms for lower bounds. The algorithms are matching
algorithms which we show to be asymptotically optimal for the
FHG setting. All results are theoretical.

Results: We find that for both our models, a constant competitive
ratio is possible that is independent of the range of valuations, and
we present the corresponding (asymptotically) optimal algorithms.
Under random arrival, the optimal competitive ratio is % for both
matching and FHGs. For coalition dissolution in FHGs, the optimal
competitive ratio 1s 6+i A

Conclusions: Matching algorithms are shown to be powerful for
maximizing social welfare in FHGs. Moreover, for the random ar-
rival model, we demonstrate that, since it is not possible to construct
an adaptive adversary, an interplay of different families of instances
is a good way to prove upper bounds on the competitive ratio.
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1 INTRODUCTION

We study an online partitioning problem in which a set of agents
arrives one by one and must be assigned to unique coalitions. This
setting naturally generalizes online matching by allowing coalitions
of arbitrary size, and, therefore, poses fundamental combinatorial
challenges for algorithm designers. At the same time, it has many
appealing applications at the intersection of economics, artificial
intelligence, and the social sciences, ranging from assigning employ-
ees to projects or offices, to grouping students into project teams,
patients into support groups, or organizing collaboration among
robotic swarms [for further applications, see 3, 30]. Dependent on
the context, agents may represent individuals in a society or, more
broadly, firms or computer programs. A widely studied framework
for modeling coalition formation is that of hedonic games [7, 17], in
which each agent has preferences over the coalitions they belong to.
The defining feature of hedonic games is that preferences depend
solely on the members of an agent’s own coalition, and not on how
other agents are grouped.

However, even under this natural restriction, explicitly specify-
ing preferences requires considering an exponentially large set of
potential coalitions. Hence, for the sake of computational tractabil-
ity, much of the literature has focused on hedonic games with inher-
ently concise preference representations. One common approach
derives an agent’s preferences over coalitions from their opinion on
single agents. For example, agents may assign a subjective cardinal
valuation to each other agent, which is then aggregated to deter-
mine utilities over coalitions. This idea gives rise to, among others,
the well-studied classes of additively separable (ASHGs) and frac-
tional (FHGs) hedonic games [1, 7]. In ASHGs, an agent’s utility for
a coalition is the sum of the valuations they assign to its members.
In FHGs, this sum is divided by the coalition size, i.e., utilities can
be seen as an average valuation, assuming a self-valuation of 0. In
this work, we focus on FHGs. Aziz et al. [1] argue that this model
is well-suited for analyzing network clustering and use it to repre-
sent basic economic scenarios such as the bakers-and-millers game.
Moreover, Malik et al. [28] apply FHG utilities in a peer-to-peer
energy market, showing that the model leads to decent profits.

An important aspect of real-world coalition formation processes
is that agents arrive over time. This has motivated the study of an
online model of hedonic games by Flammini et al. [23]. In their
basic model, agents arrive one by one and have to be assigned to
existing coalitions of any size immediately and irrevocably. The
objective is to achieve high social welfare, defined as the sum of
agents’ utilities. Unfortunately, this is a demanding objective in
FHGs: if Vipin and Viay are the minimum and maximum permitted


https://orcid.org/0000-0003-4013-1323
https://orcid.org/0000-0002-6447-7794
https://orcid.org/0000-0002-9175-3897

absolute value of nonzero valuations, the best possible competitive

A crucial role in achieving welfare approximations, whether in an
offline or online setting of coalition formation, has been to employ
matchings.l For instance, the aforementioned competitive ratio is
attained by forming maximal matchings, which is even the best
deterministic approach for unweighted games [23]. Moreover, the
best known polynomial-time approximation algorithm for social
welfare in offline FHGs, achieving a 2-approximation, is to form a
maximum weight matching [21]. Similarly, in the related model of
ASHGs, maximum weight matchings achieve an n-approximation
of social welfare, where n is the number of agents. At the same
time, an n!~€-approximation is NP-hard to compute for any € > 0
[22], even if Vipin = Vipax = 1 [12]. Our work extends this intuition
by considering two more sophisticated models of online FHGs,
where we show that online matching algorithms achieve a constant
asymptotically optimal competitive ratio.

In the first model, the random arrival setting, agents arrive in a
uniformly random instead of an adversarial order, as in the secretary
problem [20]. Hence, an algorithm has to compete well against an
adversary who only fixes the game but not the precise arrival order.
Notably, this avoids the worst-case example by Flammini et al.
[23], which crucially relies on specifying valuations based on the

previous decisions of algorithms. We achieve a (% - %)—competitive

ratio is

algorithm, while no algorithm can be better than -competitive.
The algorithm we present is based on an online matching algorithm
for a general setting of weighted matching where all agents arrive
online but the number of agents is unknown. In the matching
domain, we obtain the same asymptotically optimal competitive
ratio. The tightness of both competitive ratios follows a unified
approach: We establish an upper bound for the competitive ratio
of any online matching algorithms on the tree domain, a specific
domain of instances where positive valuations form trees. We then
show that upper bounds on this domain directly transfer to the
coalition formation setting.

In the second model, the free dissolution setting, the algorithm
has to perform well under any arrival order, but it gets the additional
power to dissolve coalitions. This setting is inspired by free edge
dissolution in the matching domain [19] and has been introduced
to coalition formation by Bullinger and Romen [14]. We show that
another matching algorithm achieves the optimal competitive ratio
of m, which is a factor % worse than the best online algorithm

in the corresponding matching domain.

2 RELATED WORK

The hedonic formation of coalitions traces back to Dréze and Green-
berg [17], while hedonic games in the form studied today have been
conceptualized by Bogomolnaia and Jackson [7]. The latter paper
introduces the class of ASHGs while fractional hedonic games were
only introduced later by Aziz et al. [1]. An overview of hedonic
games can be found in the book chapters by Aziz and Savani [3]
and Bullinger et al. [13].

! A notable exception are online FHGs with nonnegative weights, for which the optimal
algorithm forms coalitions of unbounded size [23].

Several authors studied various notions of stability in FHGs
[1,5,6,8,9, 26], where the goal is outcomes in which agents can-
not perform beneficial deviations to a more preferred coalition.
Aziz et al. [2] consider welfare maximization. In addition to ex-
amining algorithms for (utilitarian) social welfare, they consider
the maximization of egalitarian and Nash welfare. They prove NP-
hardness of finding optimal partitions for the different objectives
and give polynomial-time approximation algorithms for utilitarian
and egalitarian welfare. Matching algorithms are shown to yield
good approximation ratios. In particular, Aziz et al. [2] show that a
maximum weight matching (MWM) is a %-approximation of social
welfare in FHGs. This analysis was later improved and made tight
by Flammini et al. [21] who prove that MWMs yield precisely a
% -approximation.

An online model for hedonic games was first studied by Flammini
et al. [23], who consider FHGs and ASHGs.? They investigate the
model where agents arrive in an adversarial order and give lower
and upper bounds for deterministic algorithms on the achievable
competitive ratio for maximizing social welfare. Except for simple
FHGs, their results are rather discouraging because the competi-
tiveness crucially depends on the range of valuations. For ASHGs,
Bullinger and Romen [14] consider the random arrival and the free
dissolution models and show that these dependencies vanish. We
achieve similar results for FHGs. Furthermore, going beyond wel-
fare maximization, Bullinger and Romen [15] study stability and
Pareto optimality for online ASHGs with adversarial agent arrival.

There is a vast body of literature on online matching. A recent
survey is given by Huang et al. [25]. Here, we only discuss the
works that are closest to our setting. For unweighted graphs, Gam-
lath et al. [24] give the online algorithm with the currently best
known competitive ratio for maximum cardinality matchings with
adversarial vertex arrival. Kesselheim et al. [27] study MWMs with
random vertex arrival on one side of bipartite graphs and show that
the upper bound of %, which stems from the fact that the scenario
generalizes the secretary problem, can be matched by an algorithm.
Ezra et al. [18] present an algorithm for approximating an MWM
in general weighted graphs with random vertex arrival where the
total number of vertices to arrive is known in advance. They also
show the asymptotic tightness of that algorithm’s competitive ratio
by considering a family of graphs where all edge weights differ by
a large factor, so there is only one valuable edge for a matching.
Our optimal matching algorithm considers their setting with an un-
known number of agents. Finally, Feldman et al. [19] introduce free
disposal of edges in online matching. They determine the optimal
competitive ratio of 1 — % for the bipartite setting when one side
of the agents is present offline. Bullinger and Romen [14] extend
free disposal to the notion of free dissolution in coalition formation
that we study.

3 PRELIMINARIES AND MODEL

We begin by introducing some notation. For i € N, we denote
[i] :=={1,...,i}. Next, for a graph G = (V,E) and a set of vertices
S € V, let G[S] denote the subgraph of G induced by S. Finally, we

2While being inspired by models of hedonic games, Flammini et al. [23] develop their
model as a “coalition structure generation problem” and, therefore, adopt a purely
graph-theoretic instead of a game-theoretic perspective.



denote the indicator function by y(-). It takes a Boolean argument
as an input and returns 1 if it is true and 0, otherwise.

3.1 Hedonic Games

Let N be a finite set of agents. A nonempty subset C C N is called a
coalition. The set of coalitions containing agent i € N is denoted by
N; :={C € N | i € C}. A set 7 of disjoint coalitions containing all
members of N is a partition of N. For agent i € N and partition 7,
let 7z (i) denote the unique coalition in 7 that i belongs to. Moreover,
for a subset of agents N’ C N, we define 7[N’] as the partition
restricted to N’ as t[N'] :={CNN’' | Ce xr,CN N’ # 0}.

A (cardinal) hedonic game is a pair G = (N, u) where N is the set
of agents and u = (u;);cy is a tuple of utility functions u;: N; — Q.
Agents seek to maximize utility and prefer partitions in which
their coalition achieves a higher utility. Hence, we define the utility
of a partition 7 for agent i as u;(7) := u;(n(i)). We denote by
n(G) := |N| the number of agents and write n if G is clear from the
context.

Following Aziz et al. [1], a fractional hedonic game (FHG) is a
hedonic game (N, u), where for each agent i € N there exists a
valuation function v;: N \ {i} — Q such that for all C € N; it
holds that u;(C) = X jec\ (i} % Note that this implies that the
utility for a singleton coalition is 0. Since the valuation functions
contain all information for computing utilities, we also represent an
FHG as the pair (N, v), where v = (v;);cp is the tuple of valuation
functions. Additionally, an FHG can be succinctly represented as a
complete directed weighted graph where the weights of directed
edges induce the valuation functions.

AnFHG (N, v) is said to be symmetric if for every pair of distinct
agents i, j € N, it holds that v;(j) = v;(i). We write v(i, j) for
the symmetric valuation between i and j. A complete undirected
weighted graph can represent a symmetric FHG. For simplicity,
we also denote this graph by (N, v). Moreover, an FHG is said
to be simple if for every pair of distinct agents i, j € N, it holds
that v;(j) € {0,1}. Simple FHGs can be represented by directed
unweighted graphs (where edges represent valuations of 1). Finally,
a symmetric FHG is said to belong to the tree domain if every
connected component of the edges with positive weight in the
associated undirected graph forms a tree, and every other edge has
a negative weight smaller than the negative sum of all positive edge
weights.

We measure the desirability of a partition in terms of social
welfare. Given an FHG G = (N, v), we define the social welfare
of a coalition C € N in G as SWs(C) = Y;ccui(C) and of a
partition 7 in G as SWq () = Yien ti(1) = Yoer SWe(0).
We omit the subscript G if the game is clear from the context. Also,
we denote by 7*(G) a partition that maximizes social welfare in G.
Note that we can replace both v;(j) and v; (i) by %(vi(j) +0;(i)) for
all i, j € N, which results in a symmetric FHG in which the social
welfare of every partition remains the same [11]. Hence, it suffices
to consider symmetric FHGs instead of the full domain of FHGs.
However, note that this technique cannot be applied to simple FHGs
(or other restricted classes of FHGs) as the symmetrization may
result in nonsimple FHGs. Given ¢ < 1, a partition x is called a
c-approximation to social welfare in G if SW () > ¢- SW(n*(G)).

3.2 Matching

A matching is a partition in which all coalitions have size at most 2.3
For a matching 7, we denote by 0(7) = X._(;jjene|=2 0(e) its
weight. We have that SW(x) = v(r) because, for each matched
pair, both agents contribute } of the edge weight to the social
welfare. Hence, maximizing social welfare among matchings is
precisely the maximum weight matching (MWM) problem.

Assume that we are given a complete unweighted graph G =
(N,v).* A fractional matching is a function {: VXV — [0,1]
such that, for all i,j € N, we have that {(i,j) = {(j,i) and
2jen §(, j) = 1. The value {(i, j) is interpreted as the probability
of matching i with j, where we think of {(i, i) as the probability
that i remains unmatched. This interpretation makes sense because
of the second constraint and we can extract the probability distri-
bution of matching to neighbors as follows. For i € N, we define
{(0): V.= [0,1] by () (j) = £ (0, ).

Given a fractional matching ¢, its weight is defined by v({) :=
2ijen,izj § (i, ))o(i, j). We use fractional matchings as a computa-
tional tool for one of our algorithms. For this, note that the problem
of computing a maximum weight fractional matching (MWFM) is
well known to be solvable in polynomial time [see, e.g., 31].

3.3 Online Models and Competitive Analysis

We assume an online model of FHGs where agents arrive one by
one and have to be assigned to new or existing coalitions. For an
agent set N, define X(N) := {o: [|N|] — N bijective}. This is
interpreted as the set of all arrival orders.

An instance (G, o) of an online FHG consists of an FHG G =
(N, v) and an arrival order ¢ € X(N). An online coalition formation
algorithm ALG produces on input (G, o) a sequence ALG(G, 0)y,...,
ALG(G, 0) () of partitions, where for each i € [n(G)], ALG(G, 0);
is a partition of {o(1),...,0(i)}. Hence, the partial partitions have
to contain precisely the agents that have arrived so far. Moreover,
we require that for all input tuples (G, o) and (H,7) and k € N
with k < min{n(G),n(H)} it holds that ALG(G, o), = ALG(H, 7).
whenever v,(;)(0(j)) = v,(;)((j)) for all i, j € [k].> This condi-
tion says that the algorithmic decision to form the kth partition
can only depend on the information the algorithm has obtained
until the kth agent arrives. In particular, it cannot depend on the
knowledge about agents arriving in the future. Furthermore, this
condition implies that decisions must be identical if all valuations
are identical up to a certain agent’s arrival. The output of the algo-
rithm is the partition produced when the final agent is added; we
denote ALG(G, 0) := ALG(G, 0) (G)-

In addition, an algorithm’s decisions are assumed to be irrevoca-
ble, i.e., agents can only be added to an existing or a completely new
coalition, while not changing the existing coalitions. Formally, this
means that for all instances (G, o) and 2 < k < n(G), we require
that ALG(G, 0); [{c(i) | 1 <i <k —1}] = ALG(G, 0)_y, i.e., the
(k — 1)st partition is the kth partition restricted to the first k — 1
agents. An algorithm may, however, have the additional power to

3In contrast to the standard definition of a matching, we assume that unmatched
agents are part of a matching in the form of singleton coalitions.

“The below definitions also work for incomplete graphs which we complete by adding
edges with weight 0.

SWe later consider randomized algorithms, for which the produced random partition
has to be identical.



dissolve a partition before adding a new agent. In this case, we
say that the algorithm operates under free dissolution and addition-
ally allow that ALG(G, o) [{o(i) | 1 <i < k — 1}] is of the form
(ALG(G,0)_; \ C) U {{i} | i € C} for some C € ALG(G, 0)j_;.

The objective is to achieve high welfare. We say that ALG is
c-competitive® if

SW(ALG(G, o))
SW(r (@) ~°©

inf min
G oex(N)

Equivalently, this means that for all instances (G, o), ALG pro-
duces a c-approximation of social welfare. Hence, we benchmark
algorithms against a worst-case adversary that can both fix an in-
stance, i.e., the number of agents and their mutual valuations, as
well as an exact arrival order.

In addition, we consider a model where the agents arrive in a
uniformly random arrival order. The objective is then to achieve
high welfare in expectation. We denote by ALG(G) the random
partition produced with respect to a uniformly random arrival order.
An algorithm ALG is said to be c-competitive under random arrival
if
Bowsv) [SW(ALG(G))]

SWE©)

Hence, in this model, an algorithm is benchmarked against an
adversary that can design a worst-case instance, but has no control
over the exact arrival order of the agents. We omit the subscript from
the notation of expected values when it is clear from the context.
In both models, the competitive ratio carg of ALG is the supremum
¢ such that ALG is c-competitive. Note that the competitive ratio is
always at most 1.

We also consider randomized algorithms, which can use ran-
domization to decide which coalition an agent should be added to.
In this case, the competitive ratio is measured with respect to the
expected social welfare of the random partition constructed by the
randomized algorithm.

The competitive ratio is also defined for subclasses of FHGs, such
as simple and symmetric FHGs, where the infimum is only taken
over games from that subclass. Finally, the competitive ratio is also
defined for online matching algorithms, for which the weight of the
matching produced by an algorithm is compared with the weight
of an MWM.

inf
G

4 CONNECTIONS OF MATCHING AND FHGS

A first significant connection between MWMs and welfare maxi-
mization in FHGs is that the former yields a %-approximation for
the latter. In Appendix A, we provide an instructive alternative
proof of this theorem, which was first shown by Flammini et al.
[21]. Our argument establishes a connection between a uniform
fractional matching, where each edge is included with probability %
and the social welfare of a coalition. The result then follows as the
weight of a uniform fractional matching is a lower bound on the
weight of an MWM.

THEOREM 4.1. [Flammini et al. [21]] Every MWM is a -
approximation of social welfare in symmetric FHGs.

SWe use the convention that g =1land § =0 forany x € Qwith x < 0.

This implies the same guarantee for online algorithms: c-
competitive online matching algorithms are 5-competitive for on-
line FHGs. We can use this insight to make an interesting observa-
tion: it is known that no deterministic online algorithm can achieve
a competitive ratio of better than i for simple symmetric FHGs
[23]. However, there exists a randomized online matching algo-
rithm for MWM on unweighted graphs (i.e., maximum cardinality
matching) that beats a competitive ratio of % [24], i.e., achieves a
competitive ratio of % + 2¢* for some constant €* > 0. We can apply
Theorem 4.1 to conclude that randomization can be utilized to beat
the best deterministic algorithm in this case.

COROLLARY 4.2. There exists € > 0 and a randomized online
coalition formation algorithm for simple and symmetric FHGs with
competitive ratio i + €.

In contrast to Theorem 4.1, negative results for MWM, i.e., im-
possibilities of achieving a certain competitive ratio, do not transfer
to FHGs. They only imply that it is impossible to create a matching
of a certain quality. This does not rule out that an online algorithm
can create a partition with larger coalitions that achieve more social
welfare. However, we now show that negative results are inher-
ited on domains where positive valuations form a forest (while
other valuations are sufficiently negative). We provide the proof in
Appendix A.

ProPOSITION 4.3. Letc < 1 and assume that no c-competitive (ran-
domized) algorithm exists for online MWM on the tree domain. Then,
no c-competitive (randomized) online coalition formation algorithm
exists for symmetric FHGs.

Interestingly, negative results for MWM are usually essentially
achieved on the tree domain [4, 10, 14, 27],” which makes the previ-
ous theorem very powerful. However, even if we have a tight result
for MWM where the lower bound is achieved on the tree domain,
Theorem 4.1 and Proposition 4.3 leave a gap of a factor of 2. As we
will see, closing this gap can take significant effort and the exact
optimal competitive ratio can be at either extreme.

5 FRACTIONAL HEDONIC GAMES UNDER
RANDOM ARRIVAL

While under adversarial arrival, forming maximal matchings con-
stitutes the best deterministic online algorithm [23], this and
other greedy approaches prove suboptimal under random arrival.
Bullinger and Romen [14] describe a family of worst-case instances
for greedy algorithms in the random arrival ASHG model, and

show that they impose an upper bound of O (ﬁ) on the competi-

tive ratio of such algorithms. To be more precise, the bound holds
for every (randomized) algorithm which always assigns a newly
arrived agent to an existing coalition whenever this increases the
current social welfare. Since those instances are in the tree domain,
algorithms will, without loss of generality, only form matchings.
Matchings yield essentially the same welfare in the ASHG and FHG
model, only differing by a constant factor of 2 (in ASHGs we do not

"These constructions usually contain 0-weights, which can be replaced with large
negative weights. In the setting of Kesselheim et al. [27], the secretary problem marks
the hardest instances, so they are in the tree domain.



divide by the coalition size of 2). Hence, the above bound on the
competitive ratio of greedy algorithms holds for our setting, too.

Still, based on Section 4, a reasonable strategy to obtain good
online algorithms for FHGs is to consider better online matching
algorithms. For the matching setting under random arrival, Ezra
et al. [18] provide an algorithm that achieves a competitive ratio of
2 — O(%) if the algorithm has access to the number of agents n.
Importantly, knowledge of n is crucial for achieving this competitive
ratio. In the first phase of the algorithm, a subset of k agents is not
matched at all, and the optimal competitive ratio is achieved for
k= |_§J However, one can also apply their algorithm by setting k
to a fixed constant. By setting k = 3, for instance, one obtains an
online matching algorithm that is 3 — O(%)-competitive. We get
the following theorem.

THEOREM 5.1. There exists a randomized online matching al-
gorithm with a competitive ratio under random arrival of at least

i-oh.

By applying Theorem 4.1, we can interpret this algorithm as a
coalition formation algorithm, which implies a competitive ratio of
% -0( %) in the coalition formation domain. Its competitive ratio in
this domain is upper bounded by % (see Appendix B.3). However,
we will now prove that we can even achieve a competitive ratio of
% -0( %) in the coalition formation domain.

Consider Algorithm 1. This algorithm is once again a matching
algorithm but we will show that it achieves the desired guarantee for
FHGs. It takes as input an FHG (in its representation as a weighted
graph) together with an arrival order and returns a partition that is
obtained by assigning agents to coalitions of size at most 2 one by
one according to their arrival.

Similar to the algorithm by Ezra et al. [18], Algorithm 1 is pa-
rameterized by a natural number k > 3, which indicates a “waiting
phase” of the algorithm, i.e., the first k agents are placed in singleton
coalitions. The main step of the algorithm follows a powerful idea
applied in various online matching algorithms [18, 27]: Whenever
an agent arrives, we compute a maximum weight matching. We
then observe the edge to which the newly arrived agent is incident.
If the other agent of this edge is still available, i.e., presently in a
singleton coalition, we form a new coalition of size 2 and mark
both agents as unavailable. However, there is a crucial difference:
Unlike Kesselheim et al. [27] and Ezra et al. [18], we do not extract
the possible coalition from a maximum weight integral matching,
but from a maximum weight fractional matching. In fact, using
a maximum weight integral matching does not yield the desired
guarantee for FHGs. We provide an example that highlights the
difficulties in Appendix B.3. In contrast, fractional matchings lead
to a relaxation of the integral matching polytope, and can, there-
fore, achieve a higher maximum weight. Now, extracting an edge
from the MWFM leads to a higher expected weight. While this does
not improve the asymptotic worst-case performance as a matching
algorithm, it improves the performance as a coalition formation
algorithm.

Another crucial feature of the algorithm is that the computed
MWEFM in line 6 of Algorithm 1 has to be chosen independent of
the set of still available agents and the specific arrival order that
has led to the currently present agents. We can do this by running

Algorithm 1 Online matching and coalition formation under ran-
dom arrival
Input: Complete and weighted undirected graph G = (N, v),
arrival order aj, . . ., a, of the vertices, parameter k
Output: Matching y of G

1: A:= N, p:= 0> Initialize set of available vertices A, returned

matching p
: fort =1tok do
.| Add {a;} to p.
:fort=k+1tondo
Let N; :={ay,...,a;}. > N, is the set of vertices arrived up
to timet
6: Let {; be the MWFM in G[N,]. In the case of multiple
MWFMs in G[N;], we (randomly) choose one of them in-
dependent of A and the arrival order up to time t.
> Recall that {(a;) is the probability distribution of matching
a; to agents in Ny, where a; remains unmatched with proba-
bility { (ay, ar)
7 Choose a random agent p; € N; according to distribution
&i(ar).
8: Let e; := {as, pt }-
9: if p; = a; then

(3 I N X

>lLe, e ={a;} if pr = a;

10: With probability % + % remove a; from A.

11: Add {a;} to p.

12: else

13: if p; € A then

14: Remove a; and p; from A.

15: Remove {p;} from p and add e; to p. > Add the cho-
sen edge to the matching

16: else

17: | Add {a;} to

18: forx € (N;NA)\ e do
19: t Remove x from A with probability %
20: return Matching u

any algorithm for MWFM that we run for a uniformly random
renaming of the agents.?

We are ready to present our proof. To make it accessible more
quickly, we defer the proofs of intermediary lemmas to Appen-
dix B.2.

THEOREM 5.2. There exists a randomized online coalition forma-
tion algorithm with a competitive ratio under random arrival of at
11

least 3 — =

Proor. Throughout the proof we refer to Algorithm 1 as ALG.
Whenever we run it for a given FHG, we assume a random arrival
order.

Let A; be the set of available agents (i.e., the current set A) after
a; has arrived and been processed. The first key step is to derive a
formula for the probability that an agent is unavailable that only
depends on the current iteration ¢ as well as the number k of agents

8Kesselheim et al. [27] and Ezra et al. [18] achieve a similar property for MWMs by
randomly perturbing all weights with a small number €, which guarantees uniqueness
of the MWM. However, we prefer a method without perturbation because choosing a
suitable perturbation parameter without knowledge of the number of arriving agents
would cause further complications.



in the waiting phase. In particular, this probability is the same for
every agent.

LEMMA 5.3. Assume that we run ALG for any FHG (N,v) and a
random arrival order. For everyk > 3,t € {k, ..., n}, every possible
realization N of N; (i.e, NCN,|N|=t) and every agent a € N, it
holds that

2

~ ~ — 1.k
P(aeNt\A,|N,=N/\aeN)=§(l—(t 3)! k').

1 (k—3)!

The next key step is to derive a monotonicity property when
running ALG. Informally, we show that the performance cannot
worsen if we increase any valuation.

LEMMA 5.4. Let G = (N, v), and G’ = (N, v") be two symmetric
FHGs witho(i, j) > 0’ (i, j) for alli, j € N. Then,

E [SWq (ALG(G))] = E[SWq (ALG(G))] .

The high-level idea for the proof of Lemma 5.4 is as follows. The
produced social welfare of ALG only depends on the probability
that agents are matched and the expected weight of the maximum
fractional matching in each step. Now, by Lemma 5.3, increasing a
single valuation does not change the probability of agents being
matched, while the expected weight of the maximum fractional
matchings can only become larger.

The third step is to prove the desired performance of ALG on the
specific domain of FHGs where the valuations between agents are
negative whenever they are between agents of different coalitions
of some given optimal partition.

LEMMA 5.5. Assume that we run ALG for k = 3. Consider an FHG

G together with an optimal (offline) partition n*(G). Assume that for

all C1,Cy € *(G) with C; # Cy, x € Cy, andy € C,, we have that
v(x,y) < 0. Then, it holds that

E[SW (ALG(G))]

1 1

_— >
SW(n*(G)) ~ 3 n

We can combine the insights of Lemmas 5.4 and 5.5 to prove our
theorem. Consider any FHG G = (N, v) together with an optimal
partition z*(G). We obtain a related instance G’ = (N, v") by mak-
ing all valuations between different coalitions of 7*(G) negative,
ie.,

, o(x,y) if3C € n*(G) with x,y € Corv(x,y) <0,
Vlxwy) = -1 else

Note that G’ differs from G only by decreasing valua-
tions. Hence, Lemma 5.4 implies that E [SW (ALG(G))] >
E [SWs (ALG(G’))]. Moreover, for any partition 7 of N, it holds
that

SWe (1°(G)) = SWg (n°(G)) 2 SWg (1) 2 SWer (7).

In the equality, we use that valuations in G and G’ are identical
within coalitions of 7*(G). Hence, 7*(G) is also maximizes welfare
with respect to G’. Now note that G’ satisfies the conditions of
Lemma 5.5. Thus, we have that

E[SWe (ALG(G')] | 1
SWe (n°(G)) 3

1
o

We conclude that

E[SWG(ALG(G)] | E[SWe (ALG(G))]
SWe(r*(G) —  SWe(n*(G)
_EISWe (ALGG)] 11
SWea (7(G)) 3 n
Since G was an arbitrary FHG, we conclude that ALG has the desired
competitive ratio. m]

We remark that Algorithm 1 is a matching algorithm because all
returned coalitions are of size at most 2. Hence, Theorem 5.2 even
implies a competitive ratio of % - % in the matching domain. Thus,
it presents an alternative algorithm for achieving Theorem 5.1.

As we show next, an asymptotic competitive ratio of % as
achieved in Theorems 5.1 and 5.2 is optimal in both the match-
ing and coalition formation domain. In particular, this also means
that the competitive ratio of - in the matching domain as achieved
by Ezra et al. [18] when the number of agents is known is off limits.

Since our proof is rather long, we discuss the main idea here and
defer a formal proof to Appendix B.4. In essence, our construction
relies on a careful interplay of two sets of instances whose positive
edges form stars and bi-stars, i.e., a union of two stars whose centers
are connected by an additional edge. This forces an algorithm to an
undesired trade-off: The optimal matching in a star is to match the
edge with the largest weight. In our bi-stars, the largest weight is the
edge connecting the two centers, so the optimal matching contains
exactly this edge. Now, by design of our instances, until both centers
have arrived, an algorithm cannot distinguish whether its input is a
star or a bi-star. The key step is to show that a competitive ratio of
% on a star can only be achieved if matching an edge with roughly a
probability of at least % However, as we will show, this means that
when we are in a bi-star then the algorithm can only succeed with
a probability of about 1. This leads to a bound of the competitive

ratio by % .

THEOREM 5.6. No randomized online matching algorithm has a
competitive ratio under random arrival of more than % on the tree
domain.

Combining Theorem 5.6 with Proposition 4.3, we conclude that
no online coalition formation algorithm has a competitive ratio
under random arrival of more than %

COROLLARY 5.7. No randomized online coalition formation algo-

rithm has a competitive ratio under random arrival of more than
1

3

6 FRACTIONAL HEDONIC GAMES UNDER
COALITION DISSOLUTION

We first consider the setting where algorithms should perform
well regardless of a fixed arrival order but where algorithms can
dissolve coalitions. In this setting, there exists a deterministic online

matching algorithm achieving a competitive ratio of 3+; 7% [14,29]°

We can apply Theorem 4.1 to obtain an algorithmic guarantee for
FHGs.

“McGregor [29] achieves this competitive ratio in the much related edge arrival model.
Bullinger and Romen [14] showed that it is preserved in the vertex arrival model.



THEOREM 6.1. There exists a deterministic online coalition forma-
tion algorithm operating under free dissolution with a competitive

. 1
ratio of at least L

The algorithm mentioned above is optimal for the matching
domain in the tree domain [4]. By Proposition 4.3, no deterministic
online algorithm is better than m-competitive. We can, however,

improve upon this result by proving a bound matching Theorem 6.1.

We illustrate here the main ideas for its proof and defer the full
proof to Appendix C. The proof technique is similar to the proof by
Badanidiyuru Varadaraja [4] in the matching domain. However, we
construct an enhanced version of the adversarial instance, where
the partitions produced by an algorithm continue to be matchings,
but the partition with the highest welfare is better than the best
matching by a factor of about 2. We remark that our construction
only uses instances with rational valuations, even though we also

exclude irrational competitive ratios higher than ——.
6+4V2

THEOREM 6.2. No deterministic online coalition formation algo-
rithm operating under free dissolution has a competitive ratio of more

than 6+i\f2 for symmetric FHGs.

ProoF skETCH. The crucial idea is to use an algorithm that al-

legedly beats a competitive ratio of 6+1 7 to construct a sequence

of real numbers (x;);en with x; = 1, x; > 0 for i > 2, and such that
for all i € N, it holds that

i+1
Xi = ﬁ (xi+1 + ZX]) (l)
=
1

where f > 2V The proof of Theorem 2 by Badanidiyuru

Varadaraja [4] for the case of k = 2 and f = 0 shows that such a
sequence of numbers does not exist.

The adversarial instance is established in phases, and in each
phase, we determine a new element of a sequence (y;);yy of rational
numbers that satisfies an inequality of the type of Inequality (1).1°

Throughout the execution of the instance, the algorithm can only
maintain a single coalition with positive welfare of y; containing
exactly two agents, say {a;, b;}. We now illustrate a Phase i for
some fixed i € N. A visualization is provided in Figure 1. All agents
that newly appear have a mutual positive valuation with exactly
one of a; and b;, a valuation of 0 for some other agents, and a high
negative valuation for most agents, in particular for the other agent
in {a;, b;}. The new agents form “star” coalitions with g; and b;. In
the first part of a stage, we achieve a situation where stars with ¢
leaves have arrived for both endpoints, where all of their positive
valuations are y;. These are the leftmost stars attached to a; and b;
in Figure 1.

Then, we let new star coalitions arrive while incrementing their
positive valuations by a specifically tailored rational value ¢; in
each step. Eventually, the algorithm has to dissolve {a;, b;} and
form a new coalition with one of these agents and a new agent of
valuation y; + j*¢; for some positive integer j*. This has to happen
as otherwise, edges of unbounded weight arrive, which would lead
to an unbounded competitive ratio.

In the previous step, i.e., when agents with valuations of y; + k™¢;,
where k* = j* — 1 were arriving, we had two “star” coalitions with

101t is easy to eventually transform this sequence to the exact desired form of (x;);ep-

a; and b;, which we now call C; and D;, respectively. Then, a version
of Inequality (1) can be established with two differences: (1) instead
of f, we have 2y, where y is the competitive ratio of our algorithm,
and (2) there is an error term dependent on ¢;. For this, we compare
y;, i.e., the social welfare of {a;, b;}, with the social welfare of the
partition containing D; and C; for 1 < j < i, where the C; evolve
from earlier phases. Note that C; and D; have a welfare of about
2(yi + j &)

A crucial idea is to control the error terms to be very small
in sum by having €; decay exponentially for i tending to infinity,
1:" . This allows to prove

O

while the number of leaves ¢; grows as

1
6+4V2"

Inequality (1) for f =y +

7 CONCLUSION

We have studied two different models for online coalition forma-
tion in FHGs to maximize social welfare, a goal that does not allow
for bounded competitive ratios in the standard model with an ad-
versarial arrival order. Designing good online coalition formation
algorithms is deeply related to designing good online matching
algorithms. It is possible to leverage matching algorithms with a
factor 2 in welfare loss, while limitations for matching algorithms
can be preserved exactly if they hold on the tree domain.

Under random arrival, we have seen that a competitive ratio of %
is asymptotically optimal in both the matching and coalition forma-
tion domain. Hence, by providing a better analysis of a matching
algorithm, we do not lose the factor of 2 in welfare. Moreover, in
the coalition dissolution model, we determined that the optimal

competitive ratio is 6+i N compared to the optimal competitive
1

v in the matching domain. For this, we constructed a
new family of worst-case instances showing that the worst-case
behavior on the coalition formation domain can be a factor of 2
worse than on the matching domain.

An intriguing question is whether forming coalitions larger
than 2 can be beneficial. In fact, our paper reinforces the opposing
view that matching algorithms exhibit (asymptotically) optimal per-
formance. Thus, from an algorithmic perspective, larger coalitions
are often unnecessary. In contrast, requiring algorithms to form
larger coalitions can be problematic as such algorithms may fail to
provide guarantees regarding approximate social welfare. For exam-
ple, partitions that include a coalition of size at least three result in
a negative welfare for instances on the tree domain. However, this
depends on the presence of large negative valuations. In contrast,
Flammini et al. [23, Theorems 4.4 and 4.5] present an algorithm
that forms larger coalitions for FHGs with nonnegative valuations.
Nevertheless, the competitive ratio they achieve depends on the
range of the involved valuations. It would be interesting to ex-
plore whether this dependency can be eliminated under coalition
dissolution or random arrival.

Another future direction is to consider the combination of ran-
dom arrival and coalition dissolution. Note that our families of
worst-case instances are specifically tailored to their setting and do
not challenge algorithms in the respective other setting. For exam-
ple, the algorithms developed by McGregor [29] and Bullinger and
Romen [14] discussed in the beginning of Section 6 find the optimal
partition on stars and double stars (i.e., the worst-case instance
in the random arrival setting can be solved optimally under free

ratio of



Figure 1: Illustration of Phase i in the construction of the adversarial instance in the proof of Theorem 6.2. Each star attached
to a; and b; contains £; leaves.

dissolution, even if agents arrive in an arbitrary order). Hence, it
could well be that algorithms can achieve higher competitive ratios
in a combined setting.
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APPENDIX

In the appendix, we present proofs and further material.

A PROOFS IN SECTION 4

In this section, we present the proofs missing in Section 4.

A.1 Simple proof of Theorem 4.1

In this section, we provide a new proof for Theorem 4.1 which
was first proved by Flammini et al. [21, Theorem 1]. The proof by
Flammini et al. [21] is based on a comparison of the maximum
weight matching and the optimal partition by deriving connections
of edges not contained in the matching. By contrast, we present a
simple proof based on a folklore result about matchings that states
that the maximum weight of a matching exceeds the weight of
a “uniform fractional” matching where each edge is fractionally
matched with probability i if n is the number of vertices. We
combine this with the idea that the social welfare of a coalition in
an FHG is twice the weight of the “uniform fractional” matching.

THEOREM 4.1. [Flammini et al. [21]] Every MWM is a -
approximation of social welfare in symmetric FHGs.

PrOOF. Assume that we are given an FHG G = (N, v) and let z*
be a partition maximizing social welfare. Let C C N be a coalition
and p*(C) be a maximum weight matching on the subgraph of
(N, v) induced by C. Recall that we denote the weight of a matching
M by v(M).

A folklore theorem in matching [see, e.g., 14, Lemma 1] says that

LY ) <o), @)

€l {ij}CCi#j
We conclude that

swirr= S swe= 3 5 50

Cen* Cen* ieC jeC\{i}
1
= — 20(i, j)
JjYCCi#j
Eq. (2) * * *
<7 ) 20 (0)) < 20(4*(N)) = 28W (i’ (N).
Cer*

The second line uses that each valuation occurs twice in a sym-
metric game, once for each endpoint. The second-to-last line uses
that Uce,+ ¢ (C) is a matching on N, and, therefore, its weight
is bounded by the maximum weight matching of N. The last line
uses that each nonsingleton coalition C = {i, j} in y*(N) consists
of two agents, i.e., SW(C) = u;(C) + u;(C) = %v(i,j) + %v(i,j) =
o(i, j). o

A.2 Matching Limitations on the Tree Domain

In this section, we provide the proof for our result that lets us
transfer negative results for online matching algorithms on the tree
domain to the coalition formation domain.

ProPosITION 4.3. Letc < 1 and assume that no c-competitive (ran-

domized) algorithm exists for online MWM on the tree domain. Then,
no c-competitive (randomized) online coalition formation algorithm

exists for symmetric FHGs.

Proor. We show a proof by contraposition. Assume a c-
competitive online coalition formation algorithm ALG for sym-
metric FHGs exists. We construct a c-competitive algorithm ALG’
on the tree domain that never forms a coalition of size three or more.
To this end, let ALG’ simulate ALG, i.e., whenever a new agent and
her valuations are revealed to ALG’, it feeds the same input to ALG.
Then, ALG’ observes the output of ALG. If the new agent is in a
coalition of size two with positive social welfare, then ALG’ forms
the same coalition. In all other cases, ALG’ puts the new agent into a
singleton coalition. Additionally, if ALG dissolves a coalition in the
coalition dissolution setting, then ALG” also dissolves the matched
pair from this coalition if necessary. In particular, ALG’ only returns
(random) matchings and, therefore, is a matching algorithm.

On the tree domain, ALG’ achieves at least as high (expected)
welfare as ALG because the large negative valuations make every
coalition of size more than two have negative social welfare. Con-
sequently, every coalition of size at least 3 achieves less welfare
than when it was dissolved into singleton coalitions (or pairs of
positive valuation). Thus, ALG’ is c-competitive on the tree domain
against all possible partitions and, therefore, in particular, against
all matchings. O

B FURTHER MATERIAL FOR SECTION 5

In this section, we present further details for the random arrival
setting.

B.1 Proof of Theorem 5.1

In this section, we consider the performance of the algorithm by
Ezra et al. [18], when the number of agents is unknown and k is
set to 3.

THEOREM 5.1. There exists a randomized online matching al-
gorithm with a competitive ratio under random arrival of at least
1 1
3= 0(3)

Proor. Consider Algorithm 1 as defined by Ezra et al. [18]. We
refer to this algorithm as ALG. Note that the algorithm is parame-
terized by a positive integer k.

Consider an arbitrary FHG G = (N, v). Let p* be a maximum
weight matching and ALG(G) be the matching computed by ALG.
In the proof of their Theorem 3.1, Ezra et al. [18] obtain the follow-

ing inequality for all k > 3:
E 2 3
[D(ALGGD] | 1, k4 (1)
o(7*(G)) 3 n?2 3n n
Setting k = 3, this implies that the competitive ratio of ALG is at

feast E [o(ALG(G))]
v 1 1
e 250 (a)



B.2 Optimal Coalition Formation Algorithm

In this section, we provide the proofs of auxiliary lemmas in the
proof of Theorem 5.2, restated as follows.

THEOREM 5.2. There exists a randomized online coalition forma-
tion algorithm with a competitive ratio under random arrival of at
least % - %

The statement of Lemma 5.3 is similar to the statement of
Lemma 3.2 by Ezra et al. [18]. While the proofs are quite different,
they both rely on showing that the probability of being unavailable
can be captured by the following recursive formula: For all k, t € N,
t > k + 1, define

p(k,k) == 0and p(k,t) := % + % p(k,t—1). 3)

Ezra et al. [18] show that this formula resolves as captured in
the following lemma, see the end of the proof of their Lemma 3.2.

LeEmMA B.1 (EZRA ET AL. [18]). Fork,t € N withk >3 andt > k,
it holds that
(=3 k!)

1 (k—3)!

Note that this implies that the probability of leaving a; un-
matched in Line 10 of Algorithm 1is 1 — p(k, ¢t — 1). This already
suggest of a relationship of the resolution of the recursion with the
probability of availability. In fact, we now apply it to prove our first
key lemma.

m&nng

LEMMA 5.3. Assume that we run ALG for any FHG (N, v) and a
random arrival order. For every k > 3,t € {k, ..., n}, every possible
realization N of N; (ie., N C N, |N| =t), and every agenta € N, it
holds that

v ~ 2
P(aeNt\At|Nt:N/\a€N):—(]

(t—3)!-k!
3\ )

1 (k- 3)!

Proor. Consider any realization N of N; and any agent a € N.
By Lemma B.1, it suffices to prove that

P(aeNt\A[|N,z]\7/\a€]\7)zp(k,t). )

We prove this by induction over ¢. Clearly, since the arrival of
the first k agents does not alter the set A;, we have that Ny = A,
and, therefore, P [a €N \A, [N, =NAace N] =0=p(k k).

Now assume that ¢ > k. We partition the event that a is unavail-
able (i.e,, not in A;) after the tth agent has been processed and given
that N, = N, into the following disjoint events:

@) a=a,
(ii) a = p; and a # a;, and
(iii) @ = x for some x € N \ ey.

Event (i) occurs with probability % For (ii), we compute

> Pla=pilx=a) P(x=a)

xeN\{a}

> Gtay

xeN\{a}

> Gens =(1-G@a) 7.

xeN\{a}

P(a=psa+a)

Hence, the probability for event (iii) is 1 — % - (1-"{(aa)) % =
—t_2+i‘(a’a) . We get

P(aeNt\Atht:NAaeN)

:P(aeNt\A,|Nt:]\~]/\ael\~]/\a:a,)

~ | =

t—2+(aa)

+P(a€N,\At|Nt=l\~f/\ael\~f/\a¢et) :

- - 1
+P(a€Nt\At|Nt:N/\aeN/\a:pt/\aqtat)(l—gvt(a,a))?.

Assume that a = a;. If p; # a;, then a; is unavailable after
being processed if and only if p; was available at the arrival of
a;, i.e., after the (¢ — 1)st agent was processed. By the induction
hypothesis for N;_; = N\ {a}, agent p, was made unavailable with
probability p(k, t — 1) and is, therefore, available with probability
1 - p(k,t — 1). Moreover, if p; = a;, then a; becomes unavailable
if they are removed in line 10. By definition this happens with
probability % + % =1-p(k,t — 1) as well. Hence, in any
case, a becomes unavailable with probability 1 — p(k, t — 1) after
being processed.

If a is neither a; nor p;, then a is unavailable at the end of
iteration t if they are unavailable at the end of iteration t — 1.
Furthermore, if they are available at the end of iteration ¢ — 1, they
can be made unavailable in line 19 of the algorithm. This happens
with probability %
compute that a is unavailable by time ¢ with probability p(k,t —
D+ (1= plk,t = 1)) et

Finally, if a = p;, then a is always unavailable at the end of
iteration t. Indeed, if a was available during the iteration, it will be
matched to a; upon their arrival.

Putting it all together, we get

.Using the induction hypothesis, we

IP’(aeNt\Atht:NAaeN):(1—p(k,t—1))%+

{i(a, a) ) t—2+{(aa)
t—-2+{(a,a) t

(oot =1+ (= ptdr - 1)
+1-Gaa)

= (-ptke-7+ o ((-2+b@a)pke -
+(1=plet =) G(@) + (1 - G@a) 7
:%(l—p(k,t—l)+(t—2+{t(a,a))p(k,t—1)
+(1=plkt=1)Ga,0) +1- (0 a)

= (2t =1+ -2 plet =1 + L@ ap(ht -

+(1=plkt=1) Gi(a.0) (@ a)

= % (2= p(kt=1)+ (t=2) p(k,t = 1))
_§+t— okt~ 1)
R

This concludes the proof of Equation (4) and thus the entire proof.
o



Next, we prove the lemma concerning the monotonicity property
when running Algorithm 1.

LEMMA 5.4. Let G = (N,v), and G’ = (N,v") be two symmetric

FHGs withv(i, j) = o' (i, j) for alli, j € N. Then,
E[SWs (ALG(G))] =2 E [S W (ALG(G))].

PROOF. Let ¢ > k + 1. Consider any subset N C N that realizes
as N; and an agent a € N. We set v(e;) = 0if e, = {a;}, ie., e
consists only of a singleton. We then have

E[U(et) |N,=N/\a€N]

= ZE[U(C[) |Nt =N/\a€N/\at =x]
xeN

-P(at=x|Nt=Z\~I/\a€I\~I)

:ZE[U(et)|Nt=N/\a€N/\x=at]'%

xeN

=%Z ZAE[U(Q)|Nt=1\~l/\ael\~]/\x=at/\x'=pt]
xeN x’'eN

-P(x'zp,|N,=1\7/\aeNAx=a,)

- % PIDIRICE IR ACED

xeN x’eN
= 2B [0(¢)]

In the first and third equation, we use the law of total probability.
The last equality follows because with the two summations we
count every pair of vertices twice.

Next, we consider the expected competitive ratio. It holds

E[SWe (ALG(G))] = Z Bl i [pr € Aral - oen)]
t=k+1

= B[ xlpc Acil|-Bloten] = ) P(pr € ) - Elo(er)]

t=k+1 t=k+1

We use that the random variables y [p; € N; N A;] and v(e;) are
independent of each other. Indeed, the MWFM computed in line 6
of Algorithm 1 was chosen independent of A (which at this points
was equal to A;_;).

Moreover, by Lemma 5.3, we know that

P(pr € A1) =1-p(k.t - 1).
Hence,
E[SWq (ALG(G))]

n

D Ppr € Ary) -Eo(er)]

t=k+1

= > (= plkt - 1) 2B [0()]
t=k+1

> D (1= plht = 1) 2B [o()]
t=k+1

> 3 (-plkt-1) 2B 0]

t=k+1

n
= > P(pr € A1) B0 ()] =E[SWo (ALG(G)] .
t=k+1
There, {/ and e; denote the constructed MWFM and edges when
executing Algorithm 1 for G’. In the first inequality, we use that
{; is an MWFM for G[N;] and hence achieve a higher weight in G
than /. In the second inequality, we use that v(x, y) > o’(x,y) for
all agents x,y € N. This completes the proof of the lemma. O

Our next lemma shows that the desired performance is achieved
on a special set of instances where valuations between coalitions
of some optimal partition are negative.

LEMMA 5.5. Assume that we run ALG for k = 3. Consider an FHG
G together with an optimal (offline) partition * (G). Assume that for
all C,C, € 7*(G) withCy # Cy, x € Cy, andy € C,, we have that
v(x,y) < 0. Then, it holds that

E[SW (ALG(G))] S
SW(n*(G) 3
ProoF. Let G = (N, v) be an FHG that satisfies the properties
of the statement of the lemma together with a uniformly random
arrival order o.

1
o

For t < 3, we set ¢, = {a;}. Moreover, as in the proof of
Lemma 5.4, we set v(e;) = 0 if e, = {a;}. Now, we know from
the proof of Lemma 5.4 that

E [SW (ALG(G))] = Z P(p; € A1) - E[v(er)]
=1

= Z (1-p3,t—1))-Efo(e)].
t=4

We observe that for all t > 4, it holds that

2 =9l6) 1
1—p(3,t—1)—1—3(1 —(t—l)! )>3.

Consequently,

B[SW (ALG(G))] > 5 Z;E [o(er)]

1
= g Z E [U(Eg—l(x))]

xeN
o l(x)24
1 —
T3 Z E [U(erl(x)) | o7 (x) > 4]
xeN
o l(x)24
1 - —
T3 Z E[o(e,-1(x) | 071 (x) > 4] - P (07" (x) > 4)
xeN
1 B h_3
1T bt 12752
xeN
n—3 )
I D D2 E[oleriw) 1071 (x) 2 4]
n Cen* xeC
- na‘_3 Z ZE [0(es-1(x) | No-1()-1 NC# O A (x) > 4]
n Cen* xeC

-P(Ng_l(x)_l NC#0|o (x) 2 4)



n-3 -
> ™ Z ZE [0(65-1()()) | Ny-1()-1 NC# DA (x) 2 4]
Cen* xeC
ICl -1
ICI
n—-3 ICl-1
= 3n Z Z E[U(et)|N,_1ﬂC¢(D/\tZ4]- |c|

Cen* te|n]:o(t)eC

For the inequality at second-to-last line, observe that

P (No,-l(x)_l NnC# (Z)) = |C‘|C_‘1 because every agent in C does not

appear as the first agent among the agents in C with that probability.
Moreover, as having agents present already can only increase the
probability, this quantity can only become larger when conditioning
on o (x) > 4.

Let t € [n] with o(t) € C. We now take a closer look at
E[v(e;) | Ni-1 NC # 0 At > 4]. Essentially, this is the expected
weight of the candidate edge if the arriving agent o(t) = a; is not
the first of 7 (a;) to arrive. We define the fractional matching {cnn,
on G[C N N;] by setting

denn, (x,x7) = & (x,x7) ©)
forall x,x” € Ny with x,y € C € x*.

By our assumption on the structure of the instance, {; cannot
assign positive weight on edges between agents from different coali-
tions in 7*. Hence, for all t > 4, {cnn, is a well-defined fractional
matching on G[C N N] and we have

o(8) = ), vllean,)-
Cer*

Recall that ¢ € [n] with o(t) € C. Now, similar as in the proof of
Lemma 5.4, only restricted to a single coalition, we compute:

Efo(e) | Neei NC £ OAL> 4]

= Z Elo(e) | NeeiNC£EOAL> 4 Aa; =x] (6)
xeNNC
-P(at=x|Nt_1ﬂC¢@/\t24)

1
= Z E[v(e[)|N,_1OC¢(/)/\tZ4/\x=a,]~—
xeNNC |Nt n C|
1
S )
IN: N €l x€NNC x’ eN;NC\ {x}
Elv(e) INeiNC#EOAE=4AXx=a; Ax' = py]
P(x"=p; [Nt NC#EOAE>4AX =ay)
1
= o(x,x") - G (x,x")
INe N Cl x€NNC x’ eN;NC\ {x}
Eq. (5) 1 ’ ’
e N Aq o(x,x") - {enn, (6, x7)
4 x€N;NC x’ eN;NC\{x}
2
=—F . 8
CAN [0(Zenn,) ] (8)

Moreover, we know that in general, for any subgraph of G in-
duced by agent set W C N, an MWFM {y on G[W] is at least as
good as matching all edges with equal fractions, i.e.,

2-0(fw) 2 Z Z o(x,x") )

xEW x’ W\ {x}

1
wl-1

For a subset W C N, let U(W) denote the uniform distribution
over ordered pairs of distinct agents in W, i.e., edges in the subgraph
induced by W. Combining the previous insights, we get

Eq. (6) 2
E NioiNC#OAE>4] = E
[o(er) | Ni—y * ] ICON| [U(§CON2)]
Eq.(9) 1 1 (ex)
IC NN ICAN -1 %

x€CNN; x’ eCNNg\{x}
1 CN N -1)|CNN,
A : |ctr|w Nt|)|— 1 v oto)]
=Ee-v(c) [v(e)].
There, the second-to-last equality holds because CN N} is a subset
of C drawn uniformly at random, and hence drawing a uniformly
random valuation from an ordered pair in C N N; is equivalent to

drawing a random valuation from an ordered pair in C directly. All
in all,

E [SW (ALG(G))]

TP

Cern* te[n]:o(t)eC

E[U(et) |Nt_1HC¢0/\t>3]

ICl -1
ICI
n-3 ICl -1
>S50 0 Eevo @l g
Cen* te[n]:o(t)eC
n-3 ICl -1
= C|-E.. .
3 2. |Gl Bevio @] =g
Cernm
n-3
== 2, Bewo (@] (€] - 1)
Cern*
n—-3
= SwW
3n Z ©
Cer*
-3
=170 Sw (2.
3n
This proves the claimed competitive ratio:
E [SW (ALG(G))] .n-3_1 1
SW (%) “ 3 "3 n

[m]

B.3 Limitations of Algorithm Based on Integral
Matchings

In this section, we consider Algorithm 1 for the case where we
modify line 6 to select an MWM instead of an MWFM. We select an
MWM that only depends on the set of present agents by applying
minuscule perturbations of the valuations that act as a tie-breaking
mechanism among integral matchings. This is essentially analogous
to the online matching algorithm by Ezra et al. [18, Algorithm 1]
for the matching setting when the number of agents is known.!!
However, another difference is that they want the maximum weight
matchings to be perfect and, therefore, need an even number of
vertices. They achieve this by deleting a uniformly random vertex
whenever the number of vertices is odd. We do not face this issue
1Our next result also holds for the version of their algorithm for the case when

k = 3, which is optimal for online matching with an unknown number of agents, cf.
Theorem 5.1.



as we deal with the case of being unmatched by making vertices
unavailable based on the probabilities ¢ (x, x) for an agent x and a
fractional matching ¢.

PROPOSITION B.2. Let ALG be Algorithm 1 where we modify line 6
to select an MWM as described above. ALG has a competitive ratio
under random arrival of at most % < % even for simple symmetric
FHGs.

Proor. Let ALG be the algorithm from the statement of the
proposition. Let k € N. We define an FHG Gy = (N, v) with n = 3k
agents. Let N = {a;, b;,¢;: i € [k]}. The valuations are given as
v(a;, b)) = v(aj,¢;) = v(bs,c;) = 1for all i € [k] and all other
valuations, i.e., the valuations across triplets of agents, are set to 0.
Hence, the underlying graph is a disjoint union of triangle graphs.
Clearly, this constitutes a simple symmetric FHG.
Let now i € [k] be arbitrarily fixed, i.e., we look at a single
triangle. Assume that agent a; arrives at time t,, agent b; arrives at
time tp, and ¢; arrives at time ¢,. Without loss of generality, assume
that t, < t, < t.. In the algorithm, the edge weights are randomly
perturbed to always guarantee a unique MWM. When q; arrives, the
candidate edge e;, which may be added by the algorithm will have
weight 0 (or a; is left unmatched). When b; arrives, the candidate
edge e;, will be the edge {a;, b;} and hence have weight 1. When c;
arrives, the random perturbation leads to a % chance the candidate
edge e;, will be {a;,¢;}, a % chance it will be {b;, ¢;}, and a % chance
it will have weight 0 (or that the algorithm lets ¢; unmatched in
an MWM) because {a;, b; } is the heaviest of the three edges in the
triangle.
Moreover, whether an edge is included also depends on whether
the other agent in this edge is available. This probability is given
as in the formula of Lemma 5.3.12 Hence, in the limit when k (and,
therefore, n) tends to infinity, the partner of the candidate edge is
available with probability % Thus, in the limit, the expected social
welfare of the algorithm’s output obtained by a;, b;, and c; is
1 ( 2 ) 5
“lo+1+2.1)=2.
3 3 9

Hence, we have that limg_,.o E(ALG(Gy)) = gk.

However, we have that 7*(Gy) = {{a;, bi,c;}: i € [k]} with
SW(n*(Gy)) = 2k. Hence,

E(ALG(GY) _ 3k

lim —ALOG) 5% _ 5
CALG = M S (Gr)) 2k 18

This completes the proof. O

The reason why Algorithm 1 does not run into the same is-
sues is that selecting an MWFM allows to match each of the three
edges within a triangle with probability % Hence, the social welfare
achieved by the third agent in a triangle is 1 and not £, leading
to a higher welfare. Moreover, note that the instances constructed
in Proposition B.2 also show that Algorithm 1 can be at most %—
competitive, i.e., they determine its asymptotic competitive ratio.
This already hints at the much stronger result of Corollary 5.7.

12The proof of the lemma works when replacing the MWFM by an MWM in every
occurrence.

B.4 Proof of Theorem 5.6

In this section, we provide the proof of Theorem 5.6. To make it
accessible more quickly, we defer the proofs of intermediary lemmas
to Appendix B.5.

The first part of our proof concerns showing that a good com-
petitive ratio on a star is essentially equivalent to matching the
maximum weight edge with a high probability. This is similar to
the conversion of the problem from a cardinal to an ordinal set-
ting as performed by Ezra et al. [18]. We then want bounds for the
probability of matching any edge in a star instance, only dependent
on the already arrived vertices. While Ezra et al. [18], inspired by
Correa et al. [16], carry out such a step by applying an infinite
version of Ramsey’s theorem, we perform a direct computation of
the probabilities using induction. Still, our proof is quite different
from both of these as we have the interplay of two qualitatively
different sets of adversarial instances.

THEOREM 5.6. No randomized online matching algorithm has a
competitive ratio under random arrival of more than % on the tree
domain.

Proor. In the following proof, we assume that all algorithms
are randomized and operate under random arrival. Assume for
contradiction that there is an online matching algorithm on the tree
domain with a competitive ratio of ¢ > % Without loss of generality,
we can assume that ¢ is rational. Otherwise, we replace it with any
rational number in the open interval (%, ¢). Define € := % (e- %)
Note that € > 0 and € is rational.

Let I,J] € Nwith |I|,|J]| < oco,INJ =0 and I # 0, ie., they
are finite and disjoint, and I is nonempty. We design a family of
instances with n = 2 + |I| + |J| agents based on two symmetric
valuation functions, one for stars and one for bi-stars, dependent
on I, J. Additionally, the instance depends on a value for weights of
negative edges, parameterized by x. Given such I and ], we define
tg := max(IU]J), i.e, tp is the largest number in IU J. We arbitrarily
select aninteger x > tg+2.Let N = {a,b}U{d;: i e I}U{d;: j € J}
be the set of agents.

First, we define a star instance S7 ; by setting the following sym-

metric valuations:!* For all i € I, we set v(a, d;) = (1)". All remain-
ing valuations are set to — (%)x We set ts := max [, i.e., the edge
of maximum weight is {a, d;;} with a weight of (%)ts. Note that
ts>0asl#0.

Moreover, we define a bi-star instance B} ; with the following
symmetric valuations: Recall that tg = max(I U J). For alli € I
and j € J, we set v(a, d;) = (é)l and v(b,d;) = (é)l We set
v(ab) = (%)tB *! Finally, all remaining valuations are set to — ()"
Note that the pair {a, b} has the highest valuation of (%)tB ! Note
that, since € is rational, all valuations in star and bi-star instances
are rational.

Hence, given the same set of parameters, a star and bi-star in-
stance only differ with respect to the valuations of b with a and
agents in {d;: j € J}. We denote the set of all star instances with
any permissible parameter combination of I, J, x, and € as S. Simi-
larly, we denote the set of all bi-star instances as 8.

Note that the algorithm can only distinguish star and bi-star
instances once a and b have arrived in a bi-star instance. In fact,

3We omit references to parameters from the names of the valuation functions to avoid
overloading notation.



once a has arrived in a star instance, or one of a and b has arrived in a
bi-star instance, an algorithm sees the star with one of these agents.
However, all other agents, and in particular b if we are in a star
instance, are only connected by large constant negative valuations
and are indistinguishable. Furthermore, the optimal matching for
star instances matches {a,d;;} and leaves all other agents alone
with a social welfare of (é)ts. Similarly, in bi-stars, the optimal
matching matches {a, b} and leaves all other agents as singletons
with a social welfare of (é)tBﬂ.

Additionally, by the choice of x, both types of instances belong
to the tree domain. Indeed, positive valuations are (1) for some
i < x — 2 and occur at most once each. Moreover, as ¢ € (%, 1),

it holds that € = %(é - %) < % Hence, we have that the sum of
positive valuations is at most 3,157 ()" < (%)x_1 < ()"

Given a fixed algorithm, we want to find a relationship between
its competitive ratio and the probability of matching the highest
edge in star and bi-star instances. We say that an algorithm is c-
competitive for matching the maximum weight edge if it matches
the maximum weight edge with probability at least ¢ in star and
bi-star instances. We obtain the following relationship. Its proof

relies on a separate analysis of stars and bi-stars.

LEmMMA B.3. If there exists a ¢-competitive online matching algo-
rithm on the tree domain, then there exists an algorithm for matching
the maximum weight edge with a competitive ratio of more than %

Hence, to derive a contradiction to our initial assumption of a
¢-competitive online matching algorithm, we prove in the following
the nonexistence of algorithms for matching the maximum weight
edge with probability more than % In the following steps, we want
to achieve certain conditions under which our algorithms operate
without loss of generality. This is similar to the reduction by Ezra
et al. [18] to an “ordinal” setting. As a first step, we observe that we
can restrict attention to algorithms that, if at all, match the current
maximum weight edge in each step.

LEmMMA B.4. For every star instance, we may assume without loss
of generality that only the current maximum weight edge and no
negative weight edges are matched.

Proor. Consider an algorithm ALG for matching the maximum
weight edge. We modify this algorithm such that whenever it per-
forms a randomized decision to match an edge, it sets probabilities
to 0 for matching edges that are not currently the maximum weight
edge or have negative weight. It then continues executing ALG as
if the decision of ALG had been performed. This algorithm has the
desired form, i.e., it only matches the current maximum weight edge
and no negative weight edges. Moreover, since negative weight
edges and edges that are not currently the maximum weight are
never the maximum weight edge in star and bi-star instances, the
modified algorithm matches the maximum weight edge with the
same probability. O

Consequently, we can restrict attention to algorithms that, at
each step, face the decision to match the current maximum weight
edge, if possible, or do nothing. From now on, we will only consider

such algorithms.
We go one step further and show that when a matching decision

is performed (to match a current maximum weight edge), this can
be assumed to be independent of how the current state is achieved.

LEmMA B.5. For every star instance, we may assume without loss
of generality that our algorithm’s decisions only depend on
e which agents have arrived,
e whether a has arrived and is matched, and
o whether the last arrived agent is part of the current maximum
weight edge.

From now on, we consider algorithms as per Lemma B.5. Finally,
we show that algorithmic decisions can be made independently of
b and agents associated with J.

LEmMA B.6. For every star instance, we may assume without loss
of generality that our algorithms decisions are independent of agents
b and agents associated with J.

From now on, we consider algorithms that, additionally, fulfill
the independence of decisions of b and agents associated with J.

The combination of Lemmas B.5 and B.6 implies that an algo-
rithm is fully specified by the matching probabilities dependent on
the observed weights but not the arrival orders. From now on, we
consider a fixed algorithm ALG* and assume for contradiction that
it is ¢*-competitive for matching the maximum weight edge with
c* > % It is fully specified by a function f: 2¥ x N — [0, 1], where
f takes as input a subset I C N (specifying the leaf weights in a
star instance) and a positive integer x (specifying the parameter for
negative edges). The value f(I, x) equals the probability of match-
ing the current maximum weight edge provided that a has arrived,
is unmatched, the last arrived agent is part of the maximum edge,
a has revealed edges precisely to agents corresponding to the set I,
and x is the parameter for negative edges.

Now, consider a star instance S € S based on parameters I, J,
and x (at this point, € is irrelevant). We define

h(S) :=P ({a,d;} € ALG"(S) for some i € ),

i.e., the probability to match a. The key step is to estimate this
quantity.

LEmMMA B.7. LetS € S with |I| = k — 1. Then it holds that h(S) >
% - ﬁforallS eS.

Finally, we want to use the performance on stars to bound the
performance on bi-stars. We essentially use that the prefix of every
arrival order in every bi-star is indistinguishable from a star instance
until both a and b arrive.

Consider a bi-star instance B € B defined by I, J, and x (x
defines its negative weights), and assume that |I| = |J|. As usual,
the number of agents is n, i.e., n = 2 + |I| +|J|. Let Y be the random
variable that counts the number of agents from I that arrive before b
if b arrives after a and the number of agents from J that arrive before
a if a arrives after b. Moreover, let Y7 be the random variable that
counts the number of agents from I that arrive before b and Y; be
the random variable that counts the number of agents from J that
arrive before a.

We compute

P({a, b} € ALG*(B) | Y > y)
=P({a,b} € ALG*(B) | Y 2 y,0 '(a) < o~ (b))
Plo™ (@) <o (b) | Y 2 y)



+P({a,b} € ALG*(B) | Y 2y, 1(b) < 0! (a))
‘P(o7r(b) <o Ha) | Y 2 1)

- % -P({a,b} € ALG"(B) | Y; 2 y,0"(a) < o~ (b))

+ % P({a,b} € ALG*(B) | ¥} = 4,071 (b) < o™ (a))
=P({a,b} € ALG*(B) | Y; > y,07 ' (a) < a7 (b))

In the last step, we use symmetry between a and b together with I
and J, which works because |I| = |J|. We thus want to estimate the
latter probability.

Note that if a arrives before b, then the agents arriving before b
form a star instance where the subset of agents of I that has arrived
is a uniformly random subset of size Y7. Hence, by Lemma B.7, we
have that

2 2
P(a matched when b arrives | Y; > y,07'(a) < c7'(b)) > = —

3 3(y+1)

There, we bound with the worst case where Y7 =y, ie,k =y +1
in Lemma B.7. It follows that

P({a,b} € ALG*(B) | Y1 > y.0'(a) < o~ '(b))

< 1 — P(a matched when b arrives | Y7 > y,0 ' (a)

<o (b)) < % + 3(y2+ 5
Clearly, there exists N € N such that for all y > N, it holds that
3(y+1) < % (c* - %) Together, for all y > N, we obtain that
P({a,b} € ALG*(B) | Y > y) < % + % (c* - %) (10)

Second, we want to estimate P(Y < N). Clearly, whenever Y <
N, then we have that Y; < N or Y; < N. Hence, by a union bound,
P(Y <N)<P(Y; <NorY; <N) (11)
<P(Y; <N)+P(Y; <N)=2P(Y;<N) (12)
We now want to bound P(Y; < N). Note that b arrives with equal
probability in every fixed position among the agents in I U {b}.
Hence, Y7 < N to happen is equal to b arriving in a position in
{1,...,N} among I U {b}. We conclude that P(Y; < N) = ¥ = 2V,
2

n
Note that this tends to 0 for n tending to infinity. Therefore, there
exists N’ > N such that P(Y; < N) < % (c" - %) foralln > N’.
Combining this with Equation (12), for all n > N’, we obtain

P(Y < N) < % (c* - %) (13)
For n > N’, we conclude that

P({a,b} € ALG"(B))

=P({a,b} € ALG*(B) | Y < N)P(Y < N)

+P({a,b} € ALG*(B) | Y > N)P(Y > N)

<P(Y < N)+P({a,b} € ALG"(B) | Y = N)

Egs. (10,13) 1 [ , 1 1 1, 1
SO e I P Lo
3 3 3 3 3
1 2 1
+-(c"—-=])==c"+=<c"
3 3 9
This contradicts our assumption that ALG* was c*-competitive.

[}

B.5 Lemmas in the Proof of Theorem 5.6

In this section, we prove auxiliary lemmas in the proof of Theo-
rem 5.6, restated as follows.

THEOREM 5.6. No randomized online matching algorithm has a
competitive ratio under random arrival of more than } on the tree
domain.

We start with the proof of Lemma B.3. Its proof relies on two
auxiliary statements concerning stars and bi-stars.

We first consider stars and want to estimate infse s P({a,ds} €
ALG(S)), i.e., the infimum of the probability with which the maxi-
mum weight edge is matched in stars, where ALG is a ¢-competitive
online matching algorithm.

LEMMA B.8. Let ALG be a ¢-competitive online matching algo-
rithm. Then it holds that

inf P({a,d;s} € ALG(S)) > é €.
SeS N

Proor. Let ALG be a ¢-competitive online matching algorithm.
Consider some star instance S € S. By definition of the competitive
ratio, it holds that

E[SW(ALG(S))] E[SW(ALG(S))] S
SW(r*(S)) (1)’ =

where 77*(S) denotes the maximum weight matching. We compute

¢,

G (é) S < E[SW(ALG(S)] = . B({x,y} € ALG(S))o(x,y)

x,yeN

< ZP({a, di} € ALG(S))o(a, d;)

iel

»

iel\{ts}

+P({a,di} € ALG(S)) (é) ’

P({a,d;} € ALG(S)) (é)

In the second line, we express the expectation over matchings in
terms of single edges. The third line follows from the fact that
only the valuations between a and the agents associated with I are
positive. Dividing both sides by (é)ts > 0, we get

. ()

¢ <P({a,d;s} € ALG(S)) + Z P({a.di} € ALG(S)) <

s

iel\{ts} €
<P({ady} € ALG(S) + > P({ad;} € ALG(S))e
iel\ts)
<P({a,di;} € ALG(S)) + €.

The last inequality follows since P({a,x} € ALG(S)) for x € N
forms a probability distribution since a cannot be matched with
probability more than 1. Since S € S was chosen arbitrarily, we
obtain infse s P({a,dis} € ALG(S)) > ¢ —e. O

Next, we show that ¢ — 2¢ is a lower bound on the probability
with which a é-competitive online matching algorithm matches
the two centers in bi-star instances. The proof is similar to that of
Lemma B.8.



LEMMA B.9. Let ALG be a ¢-competitive online matching algo-
rithm. Then it holds that

inf P({a,b} € ALG(B)) > ¢ — 2e.
BeB

Proor. Consider a bi-star instance B € 8. Then, by definition
of the competitive ratio, it holds that

E[SW(ALG(B))] _ BISW(ALG(B))] _
SW(r*(B) (1) =

€

where 7% (B) denotes the maximum weight matching. We compute

¢- (%) ’ <E[SW(ALG(B))] = Z P({x,y} € ALG(B))v(x,y)
x,yeN

< > P({a,d;} € ALG(B))o(a,d;)
iel

+ Z P({b,d;} € ALG(B))v(b,d;)
JjeJ

+P({a,b} € ALG(B))v(a, b)

= Z P({a,d;} € ALG(B) (é)l

iel

+ 3 B({b.d;} € ALG(B)) (é)l

jeJ
tg+1
+P({a,b} € ALG(B)) (E)

In the second line, we express the expectation over matchings in
terms of single edges. In the subsequent step, we omit edges with

)I’B+1

large negative weight. Dividing both sides by (% > 0, we get

¢ <P({a,b} € ALG(B)) + Z P({a,d;} € ALG(B))i

1 )[B+1

iel (e

1\J
+ Z P({b,d;} € ALG(B))l(f—)

)tB+1

JjeJ (e
<P({a b} € ALG(B)) + Z P({a, d;} € ALG(B))e
iel
+ Z P({b,d;} € ALG(B))e
jeJ
<P({a, b} € ALG(B)) + 2e¢.
The third inequality follows since P({a,x} € ALG(B)) and
P({b,x} € ALG(B)) for x € N form probability distributions
since a and b cannot be matched with probability more than one.

Since B € B was chosen arbitrarily, we obtain infge g P({a, b} €
ALG(B)) = ¢ - 2e. |

We can combine Lemmas B.8 and B.9 to transition to the goal of
proving that there is no algorithm matching the maximum weight
edge that is better than %—Competitive.

Lemmas B.8 and B.9, we can transition to the goal to prove that
there is no algorithm matching the maximum weight edge that is
better than %—competitive.

LeEmMA B.3. If there exists a ¢-competitive online matching algo-
rithm on the tree domain, then there exists an algorithm for matching
the maximum weight edge with a competitive ratio of more than %

Proor. Assume that there is a ¢-competitive online matching
algorithm on the tree domain. Consider ¢’ = ¢ — 2e. Since € =
%(é - %) it holds that ¢’ = %é - % > % By Lemmas B.8 and B.9,
ALG is ¢’-competitive for matching the maximum weight edge. O

Next, we prove our lemma concerning history independence.

LEmMA B.5. For every star instance, we may assume without loss
of generality that our algorithm’s decisions only depend on

o which agents have arrived,

e whether a has arrived and is matched, and

o whether the last arrived agent is part of the current maximum
weight edge.

Proor. Consider an algorithm ALG restricted as per Lemma B.4.
We transform this algorithm as follows: Consider the arrival of an
agent and assume that the algorithm wants to match with positive
probability. This means that the currently arrived agent is a or the
agent of the maximum weight edge. Assume that, so far, agents in
the set A have arrived. Let H(A) be the history of the algorithm so
far, which captures the arrival order of agents in A as well as all
previous algorithmic decisions. Let 7 (A) be the set of all histories
where the agents in A arrive such that the last arrived agent is part
of the current maximum weight edge, and a is unmatched at the
arrival of the last agent.

We obtain a new algorithm ALG’ as follows. Upon the arrival
of an agent that leads to a matching decision in ALG involving
agents A, the algorithm ALG’ ignores the history H(A). Instead, it
samples a history H’(A) ~ H (A) according to the probabilities of
this history occurring in ALG.'* Note that this is well-defined as we
are operating on a finite game, for which there is only a finite set
of histories, and the probabilities of each of the histories occurring
only depends on algorithmic (randomized) decisions on all possible
histories. Then, it matches the current maximum weight edge if
and only if ALG would do so given the history H'(A).

By design, we have that ALG’ performs for H(A) like ALG per-
forms for H' (A). Moreover, the distribution of the sampled histories
is identical to the distribution of the real histories. Hence, the per-
formance of ALG’ in terms of matching the maximum weight edge
is identical to the performance of ALG. However, the decisions of
ALG’ only depend on the set of agents that has arrived, whether a
has arrived and is matched, and whether the last agent is part of
the current maximum weight edge. O

Now, we prove that decisions can be assumed to be independent
of b and J.

LEmMA B.6. For every star instance, we may assume without loss
of generality that our algorithms decisions are independent of agents
b and agents associated with J.
4Note that we are not concerned about the computational complexity for designing
this algorithm. Instead, we simply define an algorithm based on the potential random-

izations of ALG. Note that this technique even applies when ALG is an “inefficient”
algorithm, i.e., performs computations of any length.



Proor. Consider an algorithm ALG restricted as per Lemma B.4.
Then, ALG never matches a negative weight edge. Hence, the first
matching decision can happen when a arrives, and subsequently,
ALG can only match the current maximum weight edge. Moreover,
once a has arrived, it is revealed which present agents belong to
I. We transform ALG so that every matching decision if it is still
possible to match, is made as if b and agents associated with J have
not yet arrived. In other words, ALG behaves on a star instance
with respect to parameters I, J, x, and €, as if J was the empty set.
Note that the case of the same instance where J really is the empty
set is another star instance, and it achieves the same performance as
ALG achieved on this instance. Hence, its competitive ratio can only
improve as it now only depends on a smaller set of star instances.

]

Finally, we provide the bound on h(S).

LEmMMA B.7. Let S € S with |I| = k — 1. Then it holds that h(S) >
% - %foralls eS.

Proor. Given a star S € S, we additionally define
r(S) :=P({a,di;} € ALG"(S))

forall S € S, i.e,, the probability to match a with d;,.

We now show recursive formulas for A(S) and r(S) assuming
that we are given a star instance S € S with |I| = k — 1. To this
end, we partition all arrival orders in X({a} U {d;: i € I}), i.e., of
the agents relevant to matching, into three sets based on the last
arriving agent. The first two are the arrival orders ¢ in which a or
d; arrive last, i.e., o(k) = a or o(k) = d;, respectively. They each
make up a % fraction of all arrival orders, i.e., P(o(k) = a) = %
and P(o(k) =d;) = % In the remaining orders, one of the other
alternatives arrives last. We have P(o(k) # a A (k) # d;5) = ’%2
Note that for i # tg, if d; arrives last, then the algorithm cannot
match, so it is matched only if it has matched already. Furthermore,
if dyg arrives last, then we need to consider two cases. Either a
could already be matched or if it is unmatched then we match with
probability f(I, x). Finally, if a arrives last, then we match with
probability f (I, x).

h(S) =P({a,d;} € ALG"(S) for some i € I)
=P({a,d;} € ALG"(S) for some i € I|o(k) # a A o(k) # dyg)
‘P(o(k) # anao(k) #ds)

+P({a,d;} € ALG"(S) for some i € I|o(k) = di5)P(o(k) = dy)

+P({a, d;} € ALG*(S) for some i € I|o(k) = a)P(o(k) = a)

1 1
=% 2 MSINA{AID + ¢ [RSIN\ {dis}])
iel\{dsg}
+ (1= BTN\ {d DS L] + 2 £ (10)
_1 Ay = L&) 2f (I, x)
=7 ;hww \{di}]) = = h(SIN\ {dig }]) + ==
Furthermore, we have h(Sfdi}J) =f({a,d;},x) foralli € I and

the star where the only leaf from a is towards d; and J is arbitrary.

We continue by calculating our second term. We have

r(S) =P({a,d;} € ALG"(S))
=P({a,dy} € ALG*(S)|o(k) # a A (k) # dy)

"B(o(k) # a A o(k) # i)
+P({a,dis} € ALG" (S)[o (k) = dig)B(o (k) = dyg)
+P({a,d,} € ALG*(S)|o(k) = a)P(c(k) = a)

= > rSIN\{dD)
ien\{dsg )
+ 2 FEX) (1= RSN\ {dig}1)) + 3£ (L2)
=13 v ) - LS hs N gy + O
iel\deg )
In addition, it holds that r(S}, , ;) = f({a d;},x) since if ALG"

{di}.J
matches in this case, then it matches the optimal edge.

Next, we compute h(S) — r(S), i.e., the probability of matching a
suboptimal valuation in a star. Some terms will cancel out because
the probabilities of matching optimally (r(S)) and matching at all
(h(S)) only differ if the last agent to arrive is not a or d.

h(S) - r(S)
_l . _f(Lx) 2f(I,x)
- k;h(S[N\{dl}]) ZRSIN {dig} ) +
B % Z r(SIN\{di}]) + @h(sm \ {di}]) - 2f(lf,x)
iel\{deg }
- %Zh(S[N \ {d}]) - % S HSIN (D)
iel iel\{drg }

1 1

= hSINA{di 3D + ¢ Z h(SIN\ {di}]) = r(S[N \ {di}])
iel\[dsg)

We can repeatedly apply the recursive equation that we just

derived. On the right side, this amounts to summing
1 (k=1—|IDY)
k (k—1)!
forall] ¢ T\ {d:s}. The factor % collects the accumulated
prefactors of all steps, and the factor |I]! accounts for the fact that
we can arrive at the same term by removing the alternatives in I
in any order. Finally, the remaining difference after removing all

h(SIN\ ({des U D}

elements in I'\ {d;s} is h(sfd,§>,i) - r(S?dtS}j) = 0, which cancels
out. We can rewrite W = ﬁ This yields:

WS -rS) =1 Y SN\ (dg UDI) (19

ienia (i)
Define ||S|| := |I| +1if S is a star defined by I, i.e., ||S|| = [TU{a}|.
Hence, we have that ||S|| = k.
We now show the lemma by strong induction over ||S||. Note
that I # 0 and, therefore, ||S|| = 2 in all star instances. If ||S]| = 2,
then h(S) = r(S). Thus,

2
3.2

h(S) =r(S) = ¢ > % -

[SSR N




Now assume for all stars S with ||S|| < k — 1, it holds that
h(S) > £ In the following, we use the b1nom1a1 identity

n—1 n—k(n
e

Recall that |I| = k — 1 and, therefore, |I \ {dss}| = k — 2. We
compute

W) L L Y RSN (i VDY)
Ien{dsg ) (i)

1 1 1 2 2
>§+E Z }(kjl) (5_3(k—1—|1~|))

3|ISH

1]

1 2 2

k £ ) (5 - 3(k—1—i))

B 51 1 () k-1-i(2 2

- §+EZ(’<-1) k-1 (5_3(k—1—i))
k-1 i \(2 2
T1_m)(§_3(k—1—i))
(2 2
_k—l)(E_a(k-l—i))

"‘21 i\ (2 2
4:0( _m)(E_s(k—l—i))‘

In the last step, we inserted the term for i = k—2, which evaluates
2

2 -
to 0 as SE-I=(F=2)) = 3°

We finally simplify the two parts of the equation individually.
For the first term, we obtain

1 (k-1)(k-2)
S

[
w
&
—_——
~
|
_
~

_22%-2-k+2 2
T3k 2 T3k
For the second term, we obtain

k1
2 3

lk—z i 9 2 1— k-2 klz
3= = Z
ki:o k-1)3(k-1-1) 3k10k_1_l 3k k—l—z

2 —
3k i:Ok—l_Bk

Inserting back into our equation we get

h(S)>1+kZ(

This completes the proof. o

C FULL PROOF OF THEOREM 6.2

Our proof of Theorem 6.2 relies on a similar idea as the proof by
Badanidiyuru Varadaraja [4], showing that there does not exist an

2 2 _1,1 2 2
-1J\3 3(k-1-i)) 3 3 3k 3 3k

online matching algorithm (in an edge arrival setting) operating
under free dissolution for which the competitive ratio is better than
3+; 7 His proof relies on two steps. First, he shows that a particular
sequence of real numbers cannot exist based on a recursive set of
inequalities. Second, he shows that the existence of an algorithm
with a competitive ratio of better than " \f implies the existence

of just such a sequence. We will use hlS first step as a black box
and then use an adversarial instance of online FHGs to construct
the sequence utilizing an online coalition formation algorithm that
achieves a competitive ratio of better than 6+‘11 N The construction

of our adversarial instance is similar to the one by Badanidiyuru
Varadaraja [4]. Still, while his optimal partition is a matching con-
sisting of coalitions of size 2, we construct the instance in a way
such that the optimal instance consists of coalitions that form stars
(i.e., we have symmetric valuations that are equal to some constant
if they involve a special center agent and are 0, otherwise). This
accounts for the improvement of about a factor of 2 in the welfare
of the optimal partition.

We start by stating the lemma that captures the nonexistence of
the sequence.
1

3+2v2°
>0 fori>2

LEMMA C.1 (BADANIDIYURU VARADARAJA [4]). Let f >

Then there exists no sequence (x;)icny withx; = 1 and x;
such that for alli € N, it holds that

x; 2 p (xi+1 + ij) . (16)

=
Next, we evaluate the social welfare of a “star” coalition.
LeEmma C.2. Let x € R. Consider a set of agents C such that there

exists a € C with symmetric valuationsv(a, b) = x forallb € C\ {a}
andv(b,b’) =0 forallb, b’ € C\ {a} withb # b’. Then it holds that

_pleltn
SW(C) =2

Proor. Assume that we are in the lemma’s situation. Then,

ua(C) = 12 x, and for all b € C \ {a}, it holds that u, (C) = &;x

The assertion follows by summing up utilities. O

We are ready to prove our theorem.

THEOREM 6.2. No deterministic online coalition formation algo-
rithm operating under free dissolution has a competitive ratio of more
1 .
than e for symmetric FHGs.

" \f Assume for contradiction that ALG is an

online coalition formation algorithm operating under free dissolu-
tion that achieves a competitive ratio of y > ¢ for symmetric FHGs.
Without loss of generality, we may assume that ¢ is rational.!®

Proor. Letc :=

We want this property to assure that all instances we construct
exclusively use rational numbers.
Let

ﬁ:=2(c+%(y—c))=y+c, (17)

SIndeed, otherwise, we can just perform the proof for a y’ in the open interval (c, y)
with this property. Such a y” exists as the function f : [c,y] = R, f(x) = £ is
continuous and hence, by the density of the rational numbers in the real numbers,
attains rational numbers in the open interval (c, y).
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Figure 2: Illustration of the construction in the proof of Theorem 6.2 for an exemplary algorithm ALG. We display all positive
valuations. The remaining valuations within the leaf sets L{, Lf ,Lg, and Lg are zero, and all other valuations are large negative
numbers. We start with two agents, a; and b;. We first attempt to dispatch a set Lf of leaves towards b;. However, our algorithm
might immediately decide to dissolve {a;,b;} and create a new coalition {a}, b]}. We then might be able to have all the leaf
agents in L{ and L{’ arrive. This completes the first part of Phase 1. Now, we start the second part, in which we subsequently
increment the valuations. ALG might decide to immediately dissolve {a}, b]} when the next agent arrives. This defines agents a;,
by, and coalition C;. We start with Phase 2. In the first part, the leaf agents L] and Lé’ might arrive without further interruption.
Now assume that ALG would dissolve {a, b,} when the next agent arrives (their edge is indicated in bold). This would give rise
to the definition of C, and D,, and we would obtain an inequality for y, by comparing with the guarantee for the coalition

structure containing the nonempty coalitions C;, C;, and D,.

ie., it holds that f > 2c = —1
3+2V2

contraction to Lemma C.1 by constructing a sequence for this f.

We construct an adversarial instance for this algorithm by con-
structing a symmetric graph G = (N, v), i.e., we specify the sym-
metric weights underlying the valuations of an FHG.

The construction maintains the property that the algorithm’s
current partition can only contain a single coalition with positive
welfare and that coalition contains exactly two agents. The ad-
versarial instance is constructed in a sequence of phases, where
in every phase, we grow star-like structures around each of the
endpoints of the currently maintained nonsingleton coalition. In
the first part of Phase i, we achieve a star with ¢; leaves, while the
algorithm does not change the matched edges. In the second part
of Phase i, we iteratively increase the weight on the edges of the
stars by €; until the algorithm changes the matched edge. This has
to happen eventually because the algorithm achieves a bounded
competitive ratio.

We now specify the two parameters of the construction. For
i € N, define

. We will eventually derive a

- ) 1—¢;
6= "C971 and ¢ :4 ﬂ. (18)
2y €

Note that, since )9/ is rational, €; = (% - f) 271 is also rational.
Moreover, the definition of ¢ immediately implies that
[.
L >1-g. (19)
6+1

We now specify the instance. Our whole construction is illus-
trated in Figure 2.

The first two agents that arrive are a; and by such thatov(ay, b;) =
1. Clearly, ALG has to form the coalition {ay, b} as otherwise, its
competitive ratio would be unbounded. For i > 1, at the beginning of
Phase i, there is a single coalition with nonzero welfare containing
precisely agents a; and b;.

Moreover, throughout the execution of the instance, all arriving
agents will have a positive (mutual) valuation for precisely one
agent—one of the agents that presently is in a coalition of positive
welfare—, a zero valuation for some agents, and a large negative
valuation for all other agents. In particular, the second agent in
the coalition of positive welfare yields a large negative valuation,
and thus, joining this coalition leads to an overall negative wel-
fare, which cannot be performed by any algorithm with a positive
competitive ratio. Hence, the new agent only forms a coalition of
positive welfare if the previously existing coalition with positive
welfare is dissolved.

Now let i > 1 and assume that we are at the beginning of Phase i,
i.e., so far ALG has constructed a partition containing a single



coalition with positive welfare containing a; and b;. We set

yi =v(a;, by). (20)
In the first part of Phase 1, we want to guarantee that at the end of
this part, there is a single coalition of positive welfare C = {a}, b} }
such that for each of a} and b}, £; agents have arrived such that
there are 0-valuations among these agents and a valuation of y;
towards a; or b;. In other words, the instance contains a bi-star as
a substructure where all edges weigh y;.

We start by setting a} := a; and b := b;. Now, we let arrive a set
LY of up to & agents that have a valuation of y; for b;, 0 for already
arrived agents in L?, and a sufficiently large negative valuation for
all other agents, e.g., a negative value larger in absolute value than
the sum of positive valuations of already existing agents. As we
argued before, the only way that ALG puts an agent in Lib into a
coalition of positive welfare is if the coalition of a; and b; is dissolved
and the new agent forms a coalition with blf . In this case, we update
agent labels: b becomes the new a;, and the newly arrived agent is
the new b.

We repeat this until 4 agents have arrived. Note that this has
to happen at some point as we would otherwise have a path of
unbounded length with edge weights equal to y;, which would give
rise to a partition of social welfare more than ly;, a contradiction.

Now, we repeat the same procedure with a;: we let arrive a set
L{ of up to £; agents that have a valuation of y; for a;, 0 for already
arrived agents in L¢, and a sufficiently large negative valuation for
all other agents. If the algorithm decides to dissolve {a;, b} } to form
a coalition of a] with a newly arrived agent, we update agent labels:
a; stays the new a}, and the newly arrived agent is the new b]. Note
that this part must eventually end with all ¢ agents having arrived.
Otherwise, we have an unbounded number of agents that at some
point had the role of b}, and each of them can form a coalition with
an agent in their set L, which yields unbounded welfare.

We reach the end of the first part of Phase i and have established
a pair of agents {a, b/} together with their sets L? and L?. Note
that the coalitions {a}} U L{ and {b]} U Lf’ are “star” coalitions as
in the prerequisites of Lemma C.2.

We now start the second part of Phase i. In this part, further
agents arrive that are new leaves to a} and b;. Compared to y;, the
weight on their connecting edges is increased by €;. We continue
until for each of @ and b;, further sets of ¢; agents have arrived. This
means that we have now grown starts with a slightly larger value.
We repeat the same with increasingly larger valuations in further
increments of ¢;. The second part of Phase i ends once throughout
this procedure, the edge {a}, b} gets dissolved.

We now formalize this idea. Set Ll.“’0 = L} and Lf."o = Lf.’. We
proceed as follows until the algorithm dissolves a coalition and
forms a new coalition of positive welfare. For each j > 1, once
all agents in the sets L?’j ~!and Lf”j ! have arrived, we proceed as
follows. We let a set Lia’j with #; agents arrive that have a valuation
of y;+ je; for a;, 0 for already arrived agents in L?’j ,and a sufficiently
large negative valuation for all other agents. These agents arrive
one by one, so the phase can end before all agents in Lf’j have

arrived. Then we let a set Lf”j with ¢ agents arrive that have a

valuation of y; + je; for b;, 0 for already arrived agents in Lib’j , and
a sufficiently large negative valuation for all other agents.

Note that this part also has to terminate at some point as oth-
erwise agents with an unbounded valuation arrive, leading to a
partition of welfare higher than %y,-.

Once the algorithm forms a new coalition—say this happens
when the j*th sets of agents arrive—we distinguish two cases: If
a; remains in a nonsingleton coalition with the new agent z, we
define C; := {b} L)Lib’j*f1 and D; := {a}} UL?’].L1 and set a;4 = a;
and b;;; = z. Otherwise, if blf remains in a nonsingleton coalition
with the new agent z, we define C; := {aj} U Ll.a’j*_1 and D; :=
{bj} U Lf’j*_l and set a;41 = b} and b;;1 = z.

Then, the new agents a;.; and b;;; are the only agents in a
coalition of positive welfare y;+1 = v(ait1, bi+1). Moreover, C; and
D; are “star” coalitions that are disjoint from all previous coalitions
Ck for k < i and where all nonzero valuations are y;+; — €;. By
Lemma C.2, we obtain

t;
S(W(Cl) = S(W(D,) = ZE(%” - €i). (21)

Consider the partition 7; containing the coalitions D;, C; for
1 < j < i, and singleton coalitions for all agents not contained in
these. This coalition already exists right before the arrival of the
agent such that the coalition {a}, b]} is dissolved. Note that at this
point, the social welfare of the partition created by ALG is y;, where
we add ¥ for each of @] and b. Since ALG is y-competitive, we
obtain

yiz2y - SW(m) =y (S(W(Di) + Z S(W(Cj))

Jj=1
@ 4 oL
=y (Zm(ym &)+ ; ZW(WH —€j)

D Y (2(1 —€)(Yir1 — €) + Z 2(1 = &) (yju = ef))

Jj=1

Jj=1

i
>y (Z(ym — 2yiv1€6) + Z 2(yje1 - 2yj+1ej))

i
>y (2(yi+1 ~ 2yi16) + ), 2y - 2yi+1ej))
j=1
i i
=2y (ym + yj+1) = 2YYin1 (51‘ + Z ej)
j=1 j=1

j=

Jj=1

i i
>p (yi+1 + Z yj+1) +(y — o) yir1 — (y — ©)yis1 (Z_i + Z Z_j)
Jj=1 Jj=1
i
=p (yi+1 + Zyjﬂ) .
=1

We obtain our desired sequence by scaling the y; and starting
with y,. Formally, for i € N, we set x; := % Then, x; = % =1
and for i > 2, it holds that x; > 0. Moreover, for i > 1, our previous

Cz‘f
Y

i i
17), (18 —C__; -
WL (g4 (y - o) (yi+l+zyj+l)_2)/yi+1(y2y 2 ’+ZY2—
j=1



calculation implies that s &
= B xiv1 + § xj-1|=p xi+1+zxj .
= =

i+2 i+2
Yi+1 1 Yi+2 Yj
=2 s o =522 L2
i Y2 Y2 b (yH—Z ]Z:;‘ yj) b ( Yo 122 Yo ) Hence, we have constructed the desired sequence and obtained a
contradiction by applying Lemma C.1. O
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