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Potential Applications
‣ Cinque per mille 
‣ Italian citizens can select one of over 70k non-profit organizations. 
‣ Revenue Agency will divert 0.5% of citizen’s income tax to this organization. 
‣ 2022: €510m  

‣ AmazonSmile 
‣ Customers can select one of over 1m non-profit organizations. 
‣ Amazon donates 0.5% of customer’s purchase price to this organization. 
‣ 2013–2023: $400m 

‣ Employee charity matching programs 
‣ Microsoft (2022): $250m to 32k organizations 
‣ Apple (2011–2022): $880m to 44k organizations 

‣ Private charity by groups of donors
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Application Scenarios
‣ Fully centralized 
‣ Central authority owns individual contributions, collects preferences,  
‣ then distributes endowment. 

‣ Centralized 
‣ Authority collects preferences and contributions,  
‣ then distributes endowment. 

‣ Decentralized 
‣ Authority collects preferences,  
‣ then advises donors how to distribute their contributions. 

‣ Fully decentralized 
‣ Donors independently distribute their contributions by observing previous donations.
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The Model

‣  is a set of agents. 

‣  is a set of  public goods (e.g., charities). 
‣ Public goods are non-excludable and non-rivalrous. 

‣ Each agent  contributes amount  of a divisible and 
homogeneous resource (e.g., money) to a common pool. 
‣  is called the endowment. 

‣ An individual distribution  is a function with . 

‣ The set of all distributions of  is denoted by . 

‣  is the collective distribution of the endowment .

N = {1,…, n}
A m

i ∈ N Ci > 0

C = ∑i∈N Ci

δi ∈ [0,Ci]A ∑x∈A δi(x) = Ci
Ci Δ(Ci)

δ = ∑i∈N δi ∈ Δ(C) C
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The Model (ctd.)

‣ Agent  receives utility  from collective distribution . 
‣  denotes the set of admissible utility functions. 

‣  for all . 

‣ A distribution rule  maps a utility profile  to . 
‣ We will often refer to the collective distribution  implicitly returned by .

i ui(δ) ∈ ℝ δ
𝒰 ⊆ ℝΔ(C)

ui ∈ 𝒰 i ∈ N

f U = (ui)i∈N ∈ 𝒰 (δi)i∈N
δ f(U)
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Related Models
‣ Private provision of public goods (e.g., Bergstrom, Blume, and Varian, 1986) 
‣ agents distribute their wealth between a private and a public good 
‣ no preferences over different public goods 

‣ Probabilistic social choice/ fair mixing (e.g., Gibbard, 1977; Bogomolnaia et al., 2005) 
‣ ordinal, linear, or dichotomous preferences 
‣ exogenous fixed “endowment” of probability mass 1 

‣ Participatory budgeting (e.g., Cabannes, 2004) 
‣ typically fixed costs for projects, which are either fully funded or not at all 
‣ exogenous endowment  

‣ Budget aggregation (e.g., Freeman et al., 2021) 
‣ norm-based preferences (typically, ℓ1) 

‣ exogenous endowment
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Four Desirable Properties

‣ The collective distribution  returned by  is efficient. 
‣ There is no  with  for all  and 

         for some . 
‣ Example:  

Utilitarian rule.  maximizes . 

‣  is strategyproof if   
for all  and . 
‣ Examples:  

Dictatorial rules.  maximizes  for some fixed .

δ f
δ′￼ ∈ Δ(C) ui(δ′￼) ≥ ui(δ) i ∈ N

ui(δ′￼) > ui(δ) i ∈ N

δ ∑i∈N Ci ⋅ ui(δ)

f ui( f(u1, …, un)) ≥ ui( f(u1, …, u′￼i, …, un))
i ∈ N u1, …, un, u′￼i ∈ 𝒰

δ ui(δ) i ∈ N
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Four Desirable Properties (ctd.)
‣ The individual distributions  returned by  form a Nash equilibrium. 

‣  for all  and. 

‣ crucial for settings where the authority merely issues recommendations 
‣ Equilibrium distributions exist under fairly general assumptions (Debreu, 1952). 

‣  is contribution incentive-compatible. 
‣ Agents should be better off participating than abstaining and spending their contribution 

optimally. 

‣  for all  and . 

-  distributes the amount  based on  

‣ crucial for settings with voluntary participation

(δi)i∈N f
ui(δ) = max

δ*i ∈Δ(Ci)
ui(δ − δi + δ*i ) i ∈ N

f

ui( f(U)) ≥ max
δ*i ∈Δ(Ci)

ui( f−i(U) + δ*i ) U ∈ 𝒰N i ∈ N

f−i(U) ∑j∈N∖{i} Cj (u1, …, ui−1, ui+1, …, un)
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Potential Utility Functions

16

Leontief

Cobb-Douglas

ℓ1 disutilities

ℓ2 disutilities

linear

dichotomous
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Linear Utilities

‣       

‣ Charities are substitutes with constant marginal rates of substitution. 

‣ Example: 
 
 
 
 
 
 
 
Uncoordinated rule: Each  independently maximizes .

ui(δ) = ∑
x∈A

δ(x) ⋅ vi(x)

δi ui((C/Ci) ⋅ δi)
17

efficient

a b c Ci ui

δ1 1 1 2

δ2 1 1 2

δ 2 2

uncoordinated

a b c Ci ui

δ1 1

δ2 1

δ 2

uncoordinated

a b c Ci ui

δ1 0.5 0.5 1 1.5

δ2 0.5 0.5 1 1.5

δ 0.5 1 0.5 2
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a b c Ci ui

δ1 1

δ2 1

δ 1 1

Limitations under Linear Utilities
‣ Theorem (Hylland, 1980): Only dictatorial rules are strategyproof and efficient. 

‣ Proposition: Unique equilibrium distributions can be inefficient. 
 
 
 
 

‣ Theorem (Gibbard, 1977): When agents have unique top-ranked charities, 
then only the uncoordinated rule is anonymous, unanimous, and strategyproof. 

‣ Proposition (Brandl et al., 2022): No efficient rule satisfies contribution 
incentive-compatibility.

18

a b c Ci ui

δ1 1 1 1.5

δ2 1 1 1.5

δ 1 1

a b c Ci ui

δ1 1 1 2

δ2 1 1 2

δ 2
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Proof
‣ Proposition (Brandl et al., 2022): No efficient rule satisfies contribution 

incentive-compatibility when  and . 

‣ Proof by contradiction: 
‣ Contribution incentive-compatibility:  for all .

m ≥ 4 n ≥ 3

ui(δ) ≥ 1.6 i ∈ N

19

a b c d Ci ui

δ1 1 ≥3.2

δ2 1 ≥3.2

δ3 1 ≥3.2

δ >0 >0

a b c d Ci ui

δ’1 1

δ’2 1 ≥1.6

δ‘ 0 ≥1.6

Assume w.l.o.g. u3(δ) = mini∈N ui(δ)
Efficiency:  

W.l.o.g. 

δ(a) = 0 ∨ δ(b) = 0
δ(b) = 0

. Efficiency is violated! δ(a) > 0 ∧ δ(b) > 0 δ′￼(d) ≥ 1.6
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Dichotomous Utilities

‣ A linear utility function  is dichotomous if  for all . 
‣ Each agent  approves a non-empty set of projects  and . 

‣ Positive share:  for all  and . 
‣ much weaker than both contribution incentive-compatibility and being in equilibrium 
‣ minimal requirement to incentivize customers to participate in Amazon Smile:  

Amazon should donate money to at least one approved charity of each customer. 

ui vi(x) ∈ {0,1} x ∈ A
i Ai ⊆ A ui(δ) = ∑x∈Ai

δ(x)

ui( f(U)) > 0 i ∈ N U ∈ 𝒰N

20
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‣ Utilitarian rule (UTIL) 
‣  maximizes  

‣ Conditional utilitarian rule (CUT) 
‣ among all  that maximize ,  

pick those that maximize  

‣ Nash product rule (NASH)  
‣  maximizes     (or, equivalently, )

δ ∑i∈N Ci ⋅ ui(δ)

δi ui((C/Ci) ⋅ δi)
∑j∈N∖{i} Cj ⋅ uj((C/Ci) ⋅ δi)

δ ∏i∈N ui(δ)Ci ∑i∈N Ci log ui(δ)

21

violates positive share!

violates efficiency!

violates strategyproofness!

UTIL
a b c d Ci ui

δ1 1 1 5
δ2 1 1 5
δ3 1 1 0
δ4 1 1 0
δ5 1 1 5
δ 5

CUT
a b c d Ci ui

δ1 1 1 3.5
5δ2 1 1 3.5

δ3 0.5 0.5 1 1.5
δ4 0.5 0.5 1 1.5
δ5 1 1 3
δ 3 1 0.5 0.5

NASH
a b c d Ci ui

δ1 1 1 3
δ2 1 1 3
δ3 1 1 2
δ4 1 1 2
δ5 1 1 3
δ 3 2

a b c d Ci ui

δ1 1 1 4.4
δ2 1 1 3.8
δ3 0.4 0.6 1 1.2
δ4 0.8 0.2 1 4.4
δ5 1 1 3.8
δ 3.8 0.6 0.6
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Two Out of Three Ain’t Bad

‣ Theorem (Brandl et al., 2021): No distribution rule satisfies efficiency, 
strategyproofness, and positive share when , . 
‣ confirms a conjecture by Bogomolnaia, Moulin, and Stong (2005) 
‣ significantly weaker notion of strategyproofness suffices:  

manipulation only “counts” if .

m ≥ 4 n ≥ 6

ui(δ′￼) = C

22

UTIL CUT NASH
efficient ✓ - ✓
strategyproof ✓ ✓ -
positive share - ✓ ✓



A FULL PROOF OF THEOREM
A.1 Assuming 𝐿 (A1) has support 𝑀𝑁 or 𝑂𝑀𝑁 leads to contradiction.

𝑃1 𝑃2 𝑃3 𝑃4 𝑃5 𝑃6 possible supports dominated supports

Pro!le 1 𝑀 𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 2 𝑀 𝑁 𝑂𝑀𝑁 𝑂𝑁 𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 3 𝑀 𝑁 𝑀𝑁 𝑂𝑁 𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 4 𝑀𝑁 𝑁 𝑀𝑁 𝑂𝑁 𝑀𝑄 𝑁𝑄 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 5 𝑀𝑁 𝑁 𝑀𝑁 𝑂𝑁 𝑀𝑄 𝑂𝑁𝑄 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 6 𝑀𝑁 𝑁 𝑀𝑁 𝑂𝑁 𝑀𝑄 𝑂𝑄 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 7 𝑀𝑁 𝑁 𝑀𝑁 𝑂𝑁 𝑀𝑁𝑄 𝑂𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 8 𝑀𝑁 𝑁 𝑀𝑁 𝑂𝑁 𝑁𝑄 𝑂𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 9 𝑀𝑁 𝑁 𝑁𝑄 𝑂𝑁 𝑁𝑄 𝑂𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 10 𝑀𝑁 𝑁 𝑁𝑄 𝑂𝑀𝑁 𝑁𝑄 𝑂𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 11 𝑀𝑁 𝑁 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑂𝑄 𝑂𝑁,𝑂𝑁𝑄,𝑂𝑀𝑁 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 12 𝑀𝑁 𝑁 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑂𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 13 𝑀𝑁 𝑁 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑂𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 14 𝑀𝑁𝑄 𝑁 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑂𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 15 𝑀𝑄 𝑁 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑂𝑁 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 16 𝑀𝑄 𝑁 𝑁𝑄 𝑂𝑀𝑁 𝑁𝑄 𝑂𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 17 𝑀𝑄 𝑁 𝑁𝑄 𝑀𝑁 𝑁𝑄 𝑂𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 18 𝑀𝑄 𝑁 𝑂𝑁𝑄 𝑀𝑁 𝑁𝑄 𝑂𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 19 𝑀𝑄 𝑁 𝑂𝑁𝑄 𝑀𝑁 𝑄 𝑂𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 20 𝑀𝑄 𝑁 𝑂𝑄 𝑀𝑁 𝑄 𝑂𝑁 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 21 𝑀𝑄 𝑁 𝑂𝑄 𝑀𝑁𝑄 𝑄 𝑂𝑁 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 22 𝑀𝑄 𝑁𝑄 𝑂𝑄 𝑀𝑁𝑄 𝑄 𝑂𝑁 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 23 𝑀𝑄 𝑁𝑄 𝑂𝑄 𝑁𝑄 𝑄 𝑂𝑁 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 24 𝑀𝑄 𝑁𝑄 𝑂𝑀𝑄 𝑁𝑄 𝑄 𝑂𝑁 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 25 𝑀𝑄 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑄 𝑂𝑁 𝑂𝑄,𝑂𝑀𝑄,𝑂𝑁𝑄 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 26 𝑀𝑄 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑄 𝑂𝑁𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 27 𝑀𝑄 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑄 𝑂𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 28 𝑀𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑄 𝑂𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 29 𝑀𝑁 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑄 𝑂𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 30 𝑀𝑁 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑄 𝑂𝑀𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 31 𝑀𝑁 𝑁𝑄 𝑂𝑀 𝑁𝑄 𝑄 𝑀𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 32 𝑀𝑁 𝑁𝑄 𝑀𝑄 𝑁𝑄 𝑄 𝑀𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 33 𝑀𝑁 𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑄 𝑀𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 34 𝑀𝑁 𝑂𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑄 𝑀𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 35 𝑀𝑁 𝑂𝑄 𝑀𝑄 𝑂𝑁 𝑄 𝑀𝑄 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 36 𝑀𝑁𝑄 𝑂𝑄 𝑀𝑄 𝑂𝑁 𝑄 𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 37 𝑁𝑄 𝑂𝑄 𝑀𝑄 𝑂𝑁 𝑄 𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 38 𝑁𝑄 𝑂𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑄 𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 39 𝑁𝑄 𝑂𝑀 𝑀𝑄 𝑂𝑁 𝑄 𝑀𝑄 𝑂𝑄,𝑂𝑁𝑄,𝑂𝑀𝑄 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 40 𝑁𝑄 𝑂𝑀 𝑀𝑄 𝑂𝑁𝑄 𝑄 𝑀𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 41 𝑁𝑄 𝑂𝑀 𝑀𝑄 𝑂𝑄 𝑄 𝑀𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 42 𝑁𝑄 𝑂𝑀 𝑀𝑁𝑄 𝑂𝑄 𝑄 𝑀𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 43 𝑁𝑄 𝑂𝑀 𝑀𝑁𝑄 𝑂𝑄 𝑄 𝑀 𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 44 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑂𝑄 𝑄 𝑀 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 45 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑂𝑀𝑄 𝑄 𝑀 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 46 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑀𝑄 𝑄 𝑀 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 47 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑀𝑄 𝑀𝑄 𝑀 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 48 𝑁𝑄 𝑂𝑀 𝑂𝑀𝑁 𝑀𝑄 𝑀𝑄 𝑀 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 49 𝑁𝑄 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑀𝑄 𝑀 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 50 𝑀𝑁𝑄 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑀𝑄 𝑀 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 51 𝑀𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑀𝑄 𝑀 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 52 𝑀𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑁 𝑀𝑄 𝑀 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 53 𝑀𝑁 𝑂𝑀𝑄 𝑂𝑁 𝑀𝑁 𝑀𝑄 𝑀 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 54 𝑀𝑁 𝑂𝑄 𝑂𝑁 𝑀𝑁 𝑀𝑄 𝑀 𝑂𝑀,𝑂𝑀𝑁,𝑂𝑀𝑄 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 55 𝑀𝑁 𝑂𝑄 𝑂𝑀𝑁 𝑀𝑁 𝑀𝑄 𝑀 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 56 𝑀𝑁 𝑂𝑄 𝑂𝑀 𝑀𝑁 𝑀𝑄 𝑀 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 57 𝑀𝑁 𝑂𝑄 𝑂𝑀 𝑀𝑁 𝑀𝑁𝑄 𝑀 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 58 𝑀𝑁 𝑂𝑄 𝑂𝑀 𝑀𝑁 𝑁𝑄 𝑀 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 59 𝑀𝑁 𝑂𝑀𝑄 𝑂𝑀 𝑀𝑁 𝑁𝑄 𝑀 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 60 𝑀𝑁 𝑀𝑄 𝑂𝑀 𝑀𝑁 𝑁𝑄 𝑀 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 61 𝑀𝑁 𝑀𝑄 𝑂𝑀 𝑂𝑀𝑁 𝑁𝑄 𝑀 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 62 𝑁 𝑀𝑄 𝑂𝑀 𝑂𝑀𝑁 𝑁𝑄 𝑀 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 63 𝑁 𝑀𝑄 𝑂𝑀 𝑂𝑁 𝑁𝑄 𝑀 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 64 𝑁 𝑀𝑁𝑄 𝑂𝑀 𝑂𝑁 𝑁𝑄 𝑀 𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 65 𝑁 𝑀𝑁𝑄 𝑂𝑀 𝑂𝑁 𝑁𝑄 𝑀𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 66 𝑁 𝑀𝑁 𝑂𝑀 𝑂𝑁 𝑁𝑄 𝑀𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 67 𝑁 𝑀𝑁 𝑂𝑀 𝑂𝑁𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 68 𝑁 𝑀𝑁 𝑂𝑀 𝑂𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑁,𝑂𝑁𝑄,𝑂𝑀𝑁 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 69 𝑁 𝑀𝑁 𝑂𝑀𝑁 𝑂𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 70 𝑁 𝑀𝑁 𝑂𝑁 𝑂𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 71 𝑁 𝑀𝑁 𝑂𝑁 𝑂𝑄 𝑀𝑁𝑄 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 72 𝑁 𝑀𝑁 𝑂𝑁 𝑂𝑄 𝑀𝑄 𝑀𝑁 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 73 𝑁 𝑀𝑁 𝑂𝑁𝑄 𝑂𝑄 𝑀𝑄 𝑀𝑁 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 74 𝑁 𝑀𝑁 𝑁𝑄 𝑂𝑄 𝑀𝑄 𝑀𝑁 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 75 𝑁 𝑀𝑁 𝑁𝑄 𝑁𝑄 𝑀𝑄 𝑀𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 76 𝑁 𝑂𝑀 𝑁𝑄 𝑁𝑄 𝑀𝑄 𝑀𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 77 𝑁 𝑂𝑀 𝑁𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑀𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 78 𝑁 𝑂𝑀 𝑁𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 79 𝑁 𝑂𝑀 𝑁𝑄 𝑁𝑄 𝑀𝑁𝑄 𝑂𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 80 𝑁 𝑂𝑀 𝑁𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 81 𝑁 𝑂𝑀 𝑁𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 82 𝑁 𝑂𝑀 𝑁𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑁,𝑂𝑀𝑁,𝑂𝑁𝑄 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 83 𝑁 𝑂𝑀𝑁 𝑁𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 84 𝑁 𝑂𝑁 𝑁𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 85 𝑁 𝑂𝑁 𝑀𝑁𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 86 𝑁 𝑂𝑁 𝑀𝑁𝑄 𝑄 𝑀𝑁 𝑂𝑄 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 87 𝑁 𝑂𝑁 𝑀𝑄 𝑄 𝑀𝑁 𝑂𝑄 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 88 𝑁 𝑂𝑁𝑄 𝑀𝑄 𝑄 𝑀𝑁 𝑂𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 89 𝑁 𝑁𝑄 𝑀𝑄 𝑄 𝑀𝑁 𝑂𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 90 𝑁𝑄 𝑁𝑄 𝑀𝑄 𝑄 𝑀𝑁 𝑂𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 91 𝑁𝑄 𝑁𝑄 𝑂𝑀𝑄 𝑄 𝑀𝑁 𝑂𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 92 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑄 𝑀𝑁 𝑂𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 93 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑄 𝑀𝑁𝑄 𝑂𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 94 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑄 𝑀𝑄 𝑂𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 95 𝑁𝑄 𝑀𝑄 𝑂𝑀 𝑄 𝑀𝑄 𝑂𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 96 𝑁𝑄 𝑀𝑄 𝑂𝑀 𝑄 𝑀𝑄 𝑂𝑁𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 97 𝑁𝑄 𝑀𝑄 𝑂𝑀 𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑄,𝑂𝑀𝑄,𝑂𝑁𝑄 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 98 𝑁𝑄 𝑀𝑄 𝑂𝑀𝑄 𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 99 𝑁𝑄 𝑀𝑄 𝑂𝑄 𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 100 𝑀𝑁𝑄 𝑀𝑄 𝑂𝑄 𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 101 𝑀𝑁 𝑀𝑄 𝑂𝑄 𝑄 𝑀𝑄 𝑂𝑁 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 102 𝑀𝑁 𝑀𝑄 𝑂𝑄 𝑄 𝑀𝑄 𝑂𝑁𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 103 𝑀𝑁 𝑀𝑄 𝑂𝑄 𝑄 𝑀𝑄 𝑁𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 104 𝑀𝑁 𝑀𝑄 𝑂𝑄 𝑄 𝑂𝑀𝑄 𝑁𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 105 𝑀𝑁 𝑀 𝑂𝑄 𝑄 𝑂𝑀𝑄 𝑁𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 106 𝑀𝑁 𝑀 𝑂𝑄 𝑄 𝑂𝑀 𝑁𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 107 𝑀𝑁 𝑀 𝑂𝑄 𝑄 𝑂𝑀 𝑀𝑁𝑄 𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 108 𝑀𝑁 𝑀 𝑂𝑄 𝑀𝑄 𝑂𝑀 𝑀𝑁𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 109 𝑀𝑁 𝑀 𝑂𝑄 𝑀𝑄 𝑂𝑀 𝑀𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 110 𝑀𝑁 𝑀 𝑂𝑄 𝑀𝑄 𝑂𝑀𝑁 𝑀𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 111 𝑀𝑁 𝑀 𝑂𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑄 𝑂𝑀,𝑂𝑀𝑁,𝑂𝑀𝑄 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 112 𝑀𝑁 𝑀 𝑂𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 113 𝑀𝑁 𝑀 𝑂𝑀 𝑀𝑄 𝑂𝑁 𝑀𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 114 𝑀𝑁𝑄 𝑀 𝑂𝑀 𝑀𝑄 𝑂𝑁 𝑀𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 115 𝑁𝑄 𝑀 𝑂𝑀 𝑀𝑄 𝑂𝑁 𝑀𝑄 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 116 𝑁𝑄 𝑀 𝑂𝑀𝑁 𝑀𝑄 𝑂𝑁 𝑀𝑄 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 117 𝑁𝑄 𝑀 𝑀𝑁 𝑀𝑄 𝑂𝑁 𝑀𝑄 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 118 𝑁𝑄 𝑀 𝑀𝑁 𝑀𝑄 𝑀𝑁 𝑀𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 119 𝑁𝑄 𝑀 𝑀𝑁 𝑀𝑄 𝑀𝑁 𝑂𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 120 𝑁𝑄 𝑀 𝑀𝑁 𝑂𝑀𝑄 𝑀𝑁 𝑂𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 121 𝑁𝑄 𝑀 𝑀𝑁 𝑂𝑀 𝑀𝑁 𝑂𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 122 𝑀𝑁𝑄 𝑀 𝑀𝑁 𝑂𝑀 𝑀𝑁 𝑂𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 123 𝑀𝑄 𝑀 𝑀𝑁 𝑂𝑀 𝑀𝑁 𝑂𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 124 𝑀𝑄 𝑀 𝑀𝑁 𝑂𝑀𝑁 𝑀𝑁 𝑂𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 125 𝑀𝑄 𝑀 𝑀𝑁 𝑂𝑁 𝑀𝑁 𝑂𝑄 𝑂𝑀,𝑂𝑀𝑄,𝑂𝑀𝑁 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 126 𝑀𝑄 𝑀 𝑀𝑁 𝑂𝑁 𝑀𝑁 𝑂𝑀𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 127 𝑀𝑄 𝑀 𝑀𝑁 𝑂𝑁 𝑀𝑁 𝑂𝑀 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 128 𝑀𝑄 𝑀 𝑀𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑂𝑀 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 129 𝑀𝑄 𝑀 𝑀𝑁𝑄 𝑂𝑁 𝑁 𝑂𝑀 𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 130 𝑀𝑄 𝑀 𝑁𝑄 𝑂𝑁 𝑁 𝑂𝑀 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 131 𝑀𝑄 𝑀 𝑁𝑄 𝑂𝑁 𝑁 𝑂𝑀𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 132 𝑀𝑄 𝑀 𝑁𝑄 𝑂𝑁 𝑁 𝑀𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 133 𝑀𝑄 𝑀𝑁 𝑁𝑄 𝑂𝑁 𝑁 𝑀𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 134 𝑀𝑄 𝑀𝑁 𝑂𝑁𝑄 𝑂𝑁 𝑁 𝑀𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 135 𝑀𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑁 𝑁 𝑀𝑁 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 136 𝑀𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑁 𝑁 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 137 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑁 𝑁 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 138 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑁 𝑁 𝑁𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 139 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑀𝑁 𝑁 𝑁𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 140 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑀 𝑁 𝑁𝑄 𝑂𝑁,𝑂𝑁𝑄,𝑂𝑀𝑁 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 141 𝑁𝑄 𝑀𝑁 𝑂𝑁𝑄 𝑂𝑀 𝑁 𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 142 𝑁𝑄 𝑀𝑁 𝑂𝑁 𝑂𝑀 𝑁 𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 143 𝑁𝑄 𝑀𝑁𝑄 𝑂𝑁 𝑂𝑀 𝑁 𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 144 𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑀 𝑁 𝑁𝑄 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 145 𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑀𝑁 𝑁 𝑁𝑄 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 146 𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑁𝑄 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 147 𝑂𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑁𝑄 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 148 𝑂𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑄 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 149 𝑂𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑄 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 150 𝑂𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁𝑄 𝑁 𝑄 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 151 𝑂𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁𝑄 𝑁𝑄 𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 152 𝑂𝑄 𝑀𝑄 𝑂𝑁 𝑁𝑄 𝑁𝑄 𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 153 𝑂𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑁𝑄 𝑁𝑄 𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 154 𝑂𝑀 𝑀𝑄 𝑂𝑁 𝑁𝑄 𝑁𝑄 𝑄 𝑂𝑄,𝑂𝑀𝑄,𝑂𝑁𝑄 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 155 𝑂𝑀 𝑀𝑄 𝑂𝑁𝑄 𝑁𝑄 𝑁𝑄 𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 156 𝑂𝑀 𝑀𝑄 𝑂𝑄 𝑁𝑄 𝑁𝑄 𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 157 𝑂𝑀 𝑀𝑁𝑄 𝑂𝑄 𝑁𝑄 𝑁𝑄 𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 158 𝑂𝑀 𝑀𝑁 𝑂𝑄 𝑁𝑄 𝑁𝑄 𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 159 𝑂𝑀 𝑀𝑁 𝑂𝑀𝑄 𝑁𝑄 𝑁𝑄 𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 160 𝑂𝑀 𝑀𝑁 𝑀𝑄 𝑁𝑄 𝑁𝑄 𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 161 𝑀𝑄 𝑀𝑁 𝑀𝑄 𝑁𝑄 𝑁𝑄 𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 162 𝑀𝑄 𝑀𝑁 𝑀𝑄 𝑂𝑁 𝑁𝑄 𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 163 𝑀𝑄 𝑀𝑁 𝑀𝑄 𝑂𝑁 𝑂𝑁𝑄 𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 164 𝑀𝑄 𝑀𝑁 𝑀𝑄 𝑂𝑁 𝑂𝑄 𝑄 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 165 𝑀𝑄 𝑀𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑄 𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 166 𝑀𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑄 𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 167 𝑀𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑀𝑄 𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 168 𝑀𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑁 𝑂𝑀 𝑄 𝑂𝑄,𝑂𝑁𝑄,𝑂𝑀𝑄 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 169 𝑀𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑁𝑄 𝑂𝑀 𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 170 𝑀𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑄 𝑂𝑀 𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 171 𝑀𝑄 𝑁𝑄 𝑀𝑁𝑄 𝑂𝑄 𝑂𝑀 𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 172 𝑀 𝑁𝑄 𝑀𝑁𝑄 𝑂𝑄 𝑂𝑀 𝑄 𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 173 𝑀 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑂𝑀 𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 174 𝑀 𝑁𝑄 𝑀𝑁 𝑂𝑀𝑄 𝑂𝑀 𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 175 𝑀 𝑁𝑄 𝑀𝑁 𝑀𝑄 𝑂𝑀 𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 176 𝑀 𝑁𝑄 𝑀𝑁 𝑀𝑄 𝑂𝑀 𝑀𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 177 𝑀 𝑁𝑄 𝑂𝑀𝑁 𝑀𝑄 𝑂𝑀 𝑀𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 178 𝑀 𝑁𝑄 𝑂𝑁 𝑀𝑄 𝑂𝑀 𝑀𝑄 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 179 𝑀 𝑀𝑁𝑄 𝑂𝑁 𝑀𝑄 𝑂𝑀 𝑀𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 180 𝑀 𝑀𝑁 𝑂𝑁 𝑀𝑄 𝑂𝑀 𝑀𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 181 𝑀 𝑀𝑁 𝑂𝑁 𝑀𝑁 𝑂𝑀 𝑀𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 182 𝑀 𝑀𝑁 𝑂𝑁 𝑀𝑁 𝑂𝑀𝑄 𝑀𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 183 𝑀 𝑀𝑁 𝑂𝑁 𝑀𝑁 𝑂𝑄 𝑀𝑄 𝑂𝑀,𝑂𝑀𝑁,𝑂𝑀𝑄 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 184 𝑀 𝑀𝑁 𝑂𝑀𝑁 𝑀𝑁 𝑂𝑄 𝑀𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 185 𝑀 𝑀𝑁 𝑂𝑀 𝑀𝑁 𝑂𝑄 𝑀𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 186 𝑀 𝑀𝑁 𝑂𝑀 𝑀𝑁 𝑂𝑄 𝑀𝑁𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 187 𝑀 𝑀𝑁 𝑂𝑀 𝑀𝑁 𝑂𝑄 𝑁𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 188 𝑀 𝑀𝑁 𝑂𝑀 𝑀𝑁 𝑂𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 189 𝑀 𝑀𝑁 𝑂𝑀 𝑀𝑁 𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 190 𝑀 𝑀𝑁 𝑂𝑀 𝑂𝑀𝑁 𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 191 𝑀 𝑁 𝑂𝑀 𝑂𝑀𝑁 𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 1 𝑀 𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

A.2 Assuming 𝐿 (A1) has support 𝑀𝑁𝑄 leads to contradiction.

𝑃1 𝑃2 𝑃3 𝑃4 𝑃5 𝑃6 possible supports dominated supports

Pro!le 1 𝑀 𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 192 𝑀 𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑁𝑄 𝑁𝑄 𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 193 𝑀𝑁 𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑁𝑄 𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 194 𝑀𝑁 𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑁 𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 195 𝑀𝑁 𝑁 𝑂𝑀 𝑂𝑁𝑄 𝑀𝑁 𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 196 𝑀𝑁 𝑁 𝑂𝑀 𝑂𝑄 𝑀𝑁 𝑁𝑄 𝑂𝑁,𝑂𝑁𝑄,𝑂𝑀𝑁 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 197 𝑀𝑁 𝑁 𝑂𝑀𝑁 𝑂𝑄 𝑀𝑁 𝑁𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 198 𝑀𝑁 𝑁 𝑂𝑁 𝑂𝑄 𝑀𝑁 𝑁𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 199 𝑀𝑁 𝑁 𝑂𝑁 𝑂𝑄 𝑀𝑁 𝑀𝑁𝑄 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 200 𝑀𝑁 𝑁 𝑂𝑁 𝑂𝑄 𝑀𝑁 𝑀𝑄 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 201 𝑀𝑁 𝑁 𝑂𝑁𝑄 𝑂𝑄 𝑀𝑁 𝑀𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 202 𝑀𝑁 𝑁 𝑁𝑄 𝑂𝑄 𝑀𝑁 𝑀𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 203 𝑀𝑁 𝑁 𝑁𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑄 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 204 𝑀𝑁 𝑁 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑄 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 205 𝑂𝑀𝑁 𝑁 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑄 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 206 𝑂𝑁 𝑁 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑄 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 207 𝑂𝑁 𝑁 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 208 𝑂𝑁 𝑁 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 209 𝑂𝑁𝑄 𝑁 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 210 𝑂𝑄 𝑁 𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑂𝑁,𝑂𝑀𝑁,𝑂𝑁𝑄 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 211 𝑂𝑄 𝑁 𝑁𝑄 𝑁𝑄 𝑂𝑀𝑁 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 212 𝑂𝑄 𝑁 𝑁𝑄 𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 213 𝑂𝑄 𝑁 𝑀𝑁𝑄 𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 214 𝑂𝑄 𝑁 𝑀𝑁𝑄 𝑄 𝑂𝑁 𝑀𝑁 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 215 𝑂𝑄 𝑁 𝑀𝑄 𝑄 𝑂𝑁 𝑀𝑁 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 216 𝑂𝑄 𝑁 𝑀𝑄 𝑄 𝑂𝑁𝑄 𝑀𝑁 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 217 𝑂𝑄 𝑁 𝑀𝑄 𝑄 𝑁𝑄 𝑀𝑁 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 218 𝑂𝑄 𝑁𝑄 𝑀𝑄 𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 219 𝑂𝑄 𝑁𝑄 𝑂𝑀𝑄 𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 220 𝑂𝑄 𝑁𝑄 𝑂𝑀 𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 221 𝑂𝑄 𝑁𝑄 𝑂𝑀 𝑄 𝑁𝑄 𝑀𝑁𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 222 𝑂𝑄 𝑁𝑄 𝑂𝑀 𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 223 𝑂𝑄 𝑁𝑄 𝑂𝑀 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 224 𝑂𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 225 𝑂𝑁 𝑁𝑄 𝑂𝑀 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑄,𝑂𝑀𝑄,𝑂𝑁𝑄 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 226 𝑂𝑁 𝑁𝑄 𝑂𝑀𝑄 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 227 𝑂𝑁 𝑁𝑄 𝑂𝑄 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 228 𝑂𝑁 𝑀𝑁𝑄 𝑂𝑄 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 229 𝑂𝑁 𝑀𝑁 𝑂𝑄 𝑄 𝑀𝑄 𝑀𝑄 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 230 𝑂𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑄 𝑀𝑄 𝑀𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 231 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑄 𝑀𝑄 𝑀𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 232 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑄 𝑀𝑄 𝑂𝑀𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 233 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑄 𝑀 𝑂𝑀𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 234 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑄 𝑀 𝑂𝑀 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 235 𝑀𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑄 𝑀 𝑂𝑀 𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 236 𝑀𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑀𝑄 𝑀 𝑂𝑀 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 237 𝑀𝑄 𝑀𝑁 𝑂𝑄 𝑀𝑄 𝑀 𝑂𝑀 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 238 𝑀𝑄 𝑀𝑁 𝑂𝑄 𝑀𝑄 𝑀 𝑂𝑀𝑁 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 239 𝑀𝑄 𝑀𝑁 𝑂𝑄 𝑀𝑄 𝑀 𝑂𝑁 𝑂𝑀,𝑂𝑀𝑁,𝑂𝑀𝑄 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 240 𝑀𝑄 𝑀𝑁 𝑂𝑀𝑄 𝑀𝑄 𝑀 𝑂𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 241 𝑀𝑄 𝑀𝑁 𝑂𝑀 𝑀𝑄 𝑀 𝑂𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 242 𝑀𝑄 𝑀𝑁𝑄 𝑂𝑀 𝑀𝑄 𝑀 𝑂𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 243 𝑀𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑄 𝑀 𝑂𝑁 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 244 𝑀𝑄 𝑁𝑄 𝑂𝑀𝑁 𝑀𝑄 𝑀 𝑂𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 245 𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑄 𝑀 𝑂𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 246 𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑄 𝑀 𝑀𝑁 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 247 𝑂𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑄 𝑀 𝑀𝑁 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 248 𝑂𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑀𝑄 𝑀 𝑀𝑁 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 249 𝑂𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑀 𝑀 𝑀𝑁 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 250 𝑂𝑄 𝑀𝑁𝑄 𝑀𝑁 𝑂𝑀 𝑀 𝑀𝑁 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 251 𝑂𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑀 𝑀 𝑀𝑁 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 252 𝑂𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑀𝑁 𝑀 𝑀𝑁 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 253 𝑂𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑁 𝑀 𝑀𝑁 𝑂𝑀,𝑂𝑀𝑄,𝑂𝑀𝑁 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 254 𝑂𝑀𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑁 𝑀 𝑀𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 255 𝑂𝑀 𝑀𝑄 𝑀𝑁 𝑂𝑁 𝑀 𝑀𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 256 𝑂𝑀 𝑀𝑄 𝑀𝑁𝑄 𝑂𝑁 𝑀 𝑀𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 257 𝑂𝑀 𝑀𝑄 𝑀𝑁𝑄 𝑂𝑁 𝑀 𝑁 𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 258 𝑂𝑀 𝑀𝑄 𝑁𝑄 𝑂𝑁 𝑀 𝑁 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 259 𝑂𝑀𝑁 𝑀𝑄 𝑁𝑄 𝑂𝑁 𝑀 𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 260 𝑀𝑁 𝑀𝑄 𝑁𝑄 𝑂𝑁 𝑀 𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 261 𝑀𝑁 𝑀𝑄 𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 262 𝑀𝑁 𝑀𝑄 𝑂𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 263 𝑀𝑁 𝑀𝑄 𝑂𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 264 𝑀𝑁 𝑀𝑁𝑄 𝑂𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 265 𝑀𝑁 𝑁𝑄 𝑂𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 266 𝑁𝑄 𝑁𝑄 𝑂𝑄 𝑂𝑁 𝑀𝑁 𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 267 𝑁𝑄 𝑁𝑄 𝑂𝑄 𝑂𝑀𝑁 𝑀𝑁 𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 268 𝑁𝑄 𝑁𝑄 𝑂𝑄 𝑂𝑀 𝑀𝑁 𝑁 𝑂𝑁,𝑂𝑁𝑄,𝑂𝑀𝑁 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 269 𝑁𝑄 𝑁𝑄 𝑂𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 270 𝑁𝑄 𝑁𝑄 𝑂𝑁 𝑂𝑀 𝑀𝑁 𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 271 𝑁𝑄 𝑁𝑄 𝑂𝑁 𝑂𝑀 𝑀𝑁𝑄 𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 272 𝑁𝑄 𝑁𝑄 𝑂𝑁 𝑂𝑀 𝑀𝑄 𝑁 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 273 𝑁𝑄 𝑁𝑄 𝑂𝑁 𝑂𝑀𝑁 𝑀𝑄 𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 274 𝑁𝑄 𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑀𝑄 𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 275 𝑁𝑄 𝑂𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑀𝑄 𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 276 𝑄 𝑂𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑀𝑄 𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 277 𝑄 𝑂𝑄 𝑂𝑁 𝑀𝑁 𝑀𝑄 𝑁 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 278 𝑄 𝑂𝑄 𝑂𝑁 𝑀𝑁𝑄 𝑀𝑄 𝑁 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 279 𝑄 𝑂𝑄 𝑂𝑁 𝑀𝑁𝑄 𝑀𝑄 𝑁𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 280 𝑄 𝑂𝑄 𝑂𝑁 𝑁𝑄 𝑀𝑄 𝑁𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 281 𝑄 𝑂𝑀𝑄 𝑂𝑁 𝑁𝑄 𝑀𝑄 𝑁𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 282 𝑄 𝑂𝑀 𝑂𝑁 𝑁𝑄 𝑀𝑄 𝑁𝑄 𝑂𝑄,𝑂𝑀𝑄,𝑂𝑁𝑄 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 283 𝑄 𝑂𝑀 𝑂𝑁𝑄 𝑁𝑄 𝑀𝑄 𝑁𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 284 𝑄 𝑂𝑀 𝑂𝑄 𝑁𝑄 𝑀𝑄 𝑁𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 285 𝑄 𝑂𝑀 𝑂𝑄 𝑁𝑄 𝑀𝑁𝑄 𝑁𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 286 𝑄 𝑂𝑀 𝑂𝑄 𝑁𝑄 𝑀𝑁 𝑁𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 287 𝑄 𝑂𝑀 𝑂𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑁𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 288 𝑄 𝑂𝑀 𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑁𝑄 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 289 𝑄 𝑀𝑄 𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑁𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 290 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁 𝑁𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 291 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁 𝑂𝑁𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑂𝑀

Pro!le 292 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁 𝑂𝑄 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 293 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑀𝑁𝑄 𝑂𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 294 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑁𝑄 𝑂𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 295 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑁𝑄 𝑂𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 296 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑁 𝑁𝑄 𝑂𝑀 𝑂𝑄,𝑂𝑁𝑄,𝑂𝑀𝑄 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 297 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑁𝑄 𝑁𝑄 𝑂𝑀 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 298 𝑄 𝑀𝑄 𝑀𝑄 𝑂𝑄 𝑁𝑄 𝑂𝑀 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 299 𝑄 𝑀𝑁𝑄 𝑀𝑄 𝑂𝑄 𝑁𝑄 𝑂𝑀 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 300 𝑄 𝑀𝑁𝑄 𝑀 𝑂𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 301 𝑄 𝑀𝑁 𝑀 𝑂𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 302 𝑄 𝑀𝑁 𝑀 𝑂𝑀𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 303 𝑄 𝑀𝑁 𝑀 𝑀𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 304 𝑀𝑄 𝑀𝑁 𝑀 𝑀𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 305 𝑀𝑄 𝑂𝑀𝑁 𝑀 𝑀𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 306 𝑀𝑄 𝑂𝑁 𝑀 𝑀𝑄 𝑁𝑄 𝑂𝑀 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 307 𝑀𝑄 𝑂𝑁 𝑀 𝑀𝑄 𝑀𝑁𝑄 𝑂𝑀 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 308 𝑀𝑄 𝑂𝑁 𝑀 𝑀𝑄 𝑀𝑁 𝑂𝑀 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 309 𝑀𝑄 𝑂𝑁 𝑀 𝑀𝑁 𝑀𝑁 𝑂𝑀 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 310 𝑀𝑄 𝑂𝑁 𝑀 𝑀𝑁 𝑀𝑁 𝑂𝑀𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 311 𝑀𝑄 𝑂𝑁 𝑀 𝑀𝑁 𝑀𝑁 𝑂𝑄 𝑂𝑀,𝑂𝑀𝑁,𝑂𝑀𝑄 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 312 𝑀𝑄 𝑂𝑀𝑁 𝑀 𝑀𝑁 𝑀𝑁 𝑂𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 313 𝑀𝑄 𝑂𝑀 𝑀 𝑀𝑁 𝑀𝑁 𝑂𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 314 𝑀𝑁𝑄 𝑂𝑀 𝑀 𝑀𝑁 𝑀𝑁 𝑂𝑄 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 315 𝑁𝑄 𝑂𝑀 𝑀 𝑀𝑁 𝑀𝑁 𝑂𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 316 𝑁𝑄 𝑂𝑀 𝑀 𝑀𝑁 𝑀𝑁 𝑂𝑀𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑀

Pro!le 317 𝑁𝑄 𝑂𝑀 𝑀 𝑀𝑁 𝑀𝑁 𝑀𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 318 𝑁𝑄 𝑂𝑀 𝑀 𝑂𝑀𝑁 𝑀𝑁 𝑀𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 319 𝑁𝑄 𝑂𝑀 𝑀 𝑂𝑀𝑁 𝑁 𝑀𝑄 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 320 𝑁𝑄 𝑂𝑀 𝑀 𝑂𝑁 𝑁 𝑀𝑄 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 321 𝑁𝑄 𝑂𝑀 𝑀 𝑂𝑁 𝑁 𝑀𝑁𝑄 𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 322 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑂𝑁 𝑁 𝑀𝑁𝑄 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 323 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑂𝑁 𝑁 𝑀𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 324 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑂𝑁𝑄 𝑁 𝑀𝑁 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 325 𝑁𝑄 𝑂𝑀 𝑀𝑁 𝑂𝑄 𝑁 𝑀𝑁 𝑂𝑁,𝑂𝑁𝑄,𝑂𝑀𝑁 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 326 𝑁𝑄 𝑂𝑀𝑁 𝑀𝑁 𝑂𝑄 𝑁 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 327 𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑂𝑄 𝑁 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 328 𝑀𝑁𝑄 𝑂𝑁 𝑀𝑁 𝑂𝑄 𝑁 𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 329 𝑀𝑄 𝑂𝑁 𝑀𝑁 𝑂𝑄 𝑁 𝑀𝑁 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 330 𝑀𝑄 𝑂𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑁 𝑀𝑁 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 331 𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑂𝑄 𝑁 𝑀𝑁 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 332 𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑁𝑄 𝑁 𝑀𝑁 𝑁𝑄,𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 333 𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑁𝑄 𝑁 𝑂𝑀 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 334 𝑀𝑄 𝑁𝑄 𝑂𝑀𝑁 𝑁𝑄 𝑁 𝑂𝑀 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 335 𝑀𝑄 𝑁𝑄 𝑂𝑁 𝑁𝑄 𝑁 𝑂𝑀 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 336 𝑀𝑁𝑄 𝑁𝑄 𝑂𝑁 𝑁𝑄 𝑁 𝑂𝑀 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑁𝑂

Pro!le 337 𝑀𝑁 𝑁𝑄 𝑂𝑁 𝑁𝑄 𝑁 𝑂𝑀 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 338 𝑀𝑁 𝑁𝑄 𝑂𝑁𝑄 𝑁𝑄 𝑁 𝑂𝑀 𝑂𝑁,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑂, 𝐿𝑀 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 339 𝑀𝑁 𝑁𝑄 𝑂𝑄 𝑁𝑄 𝑁 𝑂𝑀 𝑂𝑁,𝑂𝑀𝑁,𝑂𝑁𝑄 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 340 𝑀𝑁 𝑁𝑄 𝑂𝑄 𝑁𝑄 𝑁 𝑂𝑀𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 341 𝑀𝑁 𝑁𝑄 𝑂𝑄 𝑁𝑄 𝑁 𝑂𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝐿𝑂

Pro!le 342 𝑀𝑁 𝑀𝑁𝑄 𝑂𝑄 𝑁𝑄 𝑁 𝑂𝑁 𝑂𝑁, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 343 𝑀𝑁 𝑀𝑁𝑄 𝑂𝑄 𝑄 𝑁 𝑂𝑁 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑂, 𝐿𝑁 ↭ 𝐿𝑂, 𝑁𝑀 ↭ 𝑂𝑀

Pro!le 344 𝑀𝑁 𝑀𝑄 𝑂𝑄 𝑄 𝑁 𝑂𝑁 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 345 𝑀𝑁 𝑀𝑄 𝑂𝑄 𝑄 𝑁 𝑂𝑁𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 346 𝑀𝑁 𝑀𝑄 𝑂𝑄 𝑄 𝑁 𝑁𝑄 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 347 𝑀𝑁 𝑀𝑄 𝑂𝑄 𝑄 𝑁𝑄 𝑁𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 348 𝑀𝑁 𝑂𝑀𝑄 𝑂𝑄 𝑄 𝑁𝑄 𝑁𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 349 𝑀𝑁 𝑂𝑀 𝑂𝑄 𝑄 𝑁𝑄 𝑁𝑄 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 350 𝑀𝑁𝑄 𝑂𝑀 𝑂𝑄 𝑄 𝑁𝑄 𝑁𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑁𝑀

Pro!le 351 𝑀𝑄 𝑂𝑀 𝑂𝑄 𝑄 𝑁𝑄 𝑁𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 352 𝑀𝑄 𝑂𝑀 𝑂𝑄 𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 353 𝑀𝑄 𝑂𝑀 𝑂𝑁𝑄 𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑄,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑀, 𝐿𝑂 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 354 𝑀𝑄 𝑂𝑀 𝑂𝑁 𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑄,𝑂𝑀𝑄,𝑂𝑁𝑄 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 355 𝑀𝑄 𝑂𝑀𝑄 𝑂𝑁 𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 356 𝑀𝑄 𝑂𝑄 𝑂𝑁 𝑄 𝑁𝑄 𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝐿𝑀

Pro!le 357 𝑀𝑄 𝑂𝑄 𝑂𝑁 𝑄 𝑀𝑁𝑄 𝑀𝑄 𝑂𝑄, 𝑁𝑄,𝑂𝑁𝑄 𝑁 ↭ 𝑀, 𝐿𝑁 ↭ 𝐿𝑀, 𝑁𝑂 ↭ 𝑂𝑀

Pro!le 358 𝑀𝑄 𝑂𝑄 𝑂𝑁 𝑄 𝑀𝑁 𝑀𝑄 𝑁𝑄,𝑂𝑁𝑄,𝑀𝑁𝑄 𝐿𝑁 ↭ 𝑂𝑀

Pro!le 359 𝑀𝑄 𝑂𝑄 𝑂𝑁𝑄 𝑄 𝑀𝑁 𝑀𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑂𝑀

Pro!le 360 𝑀𝑄 𝑂𝑄 𝑁𝑄 𝑄 𝑀𝑁 𝑀𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 361 𝑀𝑄 𝑂𝑄 𝑁𝑄 𝑄 𝑀𝑁 𝑂𝑀𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 362 𝑀 𝑂𝑄 𝑁𝑄 𝑄 𝑀𝑁 𝑂𝑀𝑄 𝑀𝑄, 𝑁𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 363 𝑀 𝑂𝑄 𝑁𝑄 𝑄 𝑀𝑁 𝑂𝑀 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 364 𝑀 𝑂𝑄 𝑀𝑁𝑄 𝑄 𝑀𝑁 𝑂𝑀 𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 365 𝑀 𝑂𝑄 𝑀𝑁𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑀 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 366 𝑀 𝑂𝑄 𝑀𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑀 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 367 𝑀 𝑂𝑄 𝑀𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑀𝑁 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 368 𝑀 𝑂𝑄 𝑀𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑁 𝑂𝑀,𝑂𝑀𝑁,𝑂𝑀𝑄 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 369 𝑀 𝑂𝑀𝑄 𝑀𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 370 𝑀 𝑂𝑀 𝑀𝑄 𝑀𝑄 𝑀𝑁 𝑂𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 371 𝑀 𝑂𝑀 𝑀𝑄 𝑀𝑄 𝑀𝑁𝑄 𝑂𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 372 𝑀 𝑂𝑀 𝑀𝑄 𝑀𝑄 𝑁𝑄 𝑂𝑁 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 373 𝑀 𝑂𝑀𝑁 𝑀𝑄 𝑀𝑄 𝑁𝑄 𝑂𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 374 𝑀 𝑀𝑁 𝑀𝑄 𝑀𝑄 𝑁𝑄 𝑂𝑁 𝑀𝑁,𝑀𝑁𝑄 𝐿↭ 𝑂, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 375 𝑀 𝑀𝑁 𝑀𝑄 𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑁,𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑁, 𝐿𝑁 ↭ 𝑁𝑂, 𝐿𝑂 ↭ 𝑁𝑂, 𝐿𝑀 ↭ 𝑁𝑂

Pro!le 376 𝑀 𝑀𝑁 𝑂𝑄 𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 377 𝑀 𝑀𝑁 𝑂𝑄 𝑂𝑀𝑄 𝑁𝑄 𝑀𝑁 𝑀𝑄,𝑀𝑁𝑄 𝐿↭ 𝑀, 𝐿𝑁 ↭ 𝑁𝑀, 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 378 𝑀 𝑀𝑁 𝑂𝑄 𝑂𝑀 𝑁𝑄 𝑀𝑁 𝑀𝑄,𝑂𝑀𝑄,𝑀𝑁𝑄 𝐿𝑂 ↭ 𝑁𝑀

Pro!le 379 𝑀 𝑀𝑁 𝑂𝑄 𝑂𝑀 𝑀𝑁𝑄 𝑀𝑁 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑀

Pro!le 380 𝑀 𝑀𝑁 𝑂𝑄 𝑂𝑀 𝑀𝑄 𝑀𝑁 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 381 𝑀 𝑀𝑁 𝑂𝑄 𝑂𝑀𝑁 𝑀𝑄 𝑀𝑁 𝑂𝑀,𝑀𝑄,𝑂𝑀𝑄 𝑂 ↭ 𝑁, 𝐿𝑂 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 382 𝑀 𝑀𝑁 𝑂𝑄 𝑂𝑁 𝑀𝑄 𝑀𝑁 𝑂𝑀,𝑂𝑀𝑄,𝑂𝑀𝑁 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 383 𝑀 𝑀𝑁 𝑂𝑀𝑄 𝑂𝑁 𝑀𝑄 𝑀𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 384 𝑀 𝑀𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑀𝑁 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝐿𝑁

Pro!le 385 𝑀 𝑀𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑀𝑁𝑄 𝑂𝑀,𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 386 𝑀 𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑀𝑁𝑄 𝑀𝑁,𝑂𝑀𝑁 𝑀 ↭ 𝑁, 𝐿𝑀 ↭ 𝐿𝑁, 𝑂𝑀 ↭ 𝑁𝑂

Pro!le 1 𝑀 𝑁 𝑂𝑀 𝑂𝑁 𝑀𝑄 𝑁𝑄 𝑀𝑁,𝑂𝑀𝑁,𝑀𝑁𝑄 𝐿𝑀 ↭ 𝑁𝑂

1
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A Weaker Impossibility
‣ Theorem (Brandl et al., 2021): No anonymous and neutral distribution rule 

satisfies efficiency, strategyproofness, and positive share when , . 
‣ Proof:

m ≥ 4 n ≥ 5

24

a b c d Ci ui

δ1 1
δ2 1
δ3 1 >0
δ4 1 <C
δ5 1
δ >0 >0

Anonymity and neutrality: . 
Positive share: . Hence, 

δ(b) = δ(c)
δ(b), δ(c) > 0 u4(δ) < C

Anonymity and neutrality: . 
Efficiency: . Hence, .

δ′￼(c) = δ′￼(d)
δ′￼(c), δ′￼(d) = 0 u4(δ′￼) = C > u4(δ)

a b c d Ci ui

δ’1 1
δ’2 1
δ’3 1
δ’4 1 C
δ’5 1
δ‘ 0 0
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Further Results

‣ Core fair share 
‣  s.t.  and 

                . 

‣ Theorem (Aziz et al., 2020): NASH satisfies core fair share, CUT does not. 
‣ Theorem (Duddy, 2015): CUT satisfies group fair share, a weakening of core fair share. 
‣ Theorem (Brandl et al., 2022): A distribution rule satisfies group fair share iff it returns 

equilibrium distributions. 
‣ Positive share is weaker than group fair share. 

‣ Theorem (Brandl et al., 2022): NASH and CUT always return equilibrium 
distributions and satisfy contribution incentive-compatibility. 

∀S ⊆ N ∄δ′￼ ∈ Δ(∑j∈S Cj) ∀δ′￼′￼ ∈ Δ(∑j∈N∖S Cj) ∀i ∈ N : ui(δ′￼+ δ′￼′￼) ≥ ui(δ)
∃i ∈ N : ui(δ′￼+ δ′￼′￼) > ui(δ)

25
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Summary and Open Problems

26

‣ Quantify efficiency failures of CUT and strategyproofness failures of NASH 

‣ Pending axiomatic characterizations: 
‣ CUT using contribution incentive-compatibility and strategyproofness 
‣ NASH using contribution incentive-compatibility and efficiency 
‣ NASH using core fair share

UTIL CUT NASH No rule!

efficiency ✓ - ✓ ↯
strategyproofness ✓ ✓ - ↯
contribution incentive-compatibility - ✓ ✓
core fair share - - ✓
group fair share (=in equilibrium) - ✓ ✓
positive share - ✓ ✓ ↯
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Potential Utility Functions

27

Leontief

Cobb-Douglas

ℓ1 disutilities

ℓ2 disutilities

linear

dichotomous
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Leontief Utilities

‣  

‣  for all  and  for some . 

‣ Charities are complements rather than substitutes.  

‣ Theorem (B. et al., 2023): Each utility profile admits a unique equilibrium.  
This distribution maximizes Nash welfare and thus is efficient. 

‣ EDR (equilibrium distribution rule) returns the equilibrium distribution. 

‣ Example:

ui(δ) = min
x∈A: vi(x)>0

δ(x)
vi(x)

vi(x) ≥ 0 x ∈ A vi(x) > 0 x ∈ A

28

a b c Ci ui

δ1 1 0.5 1.5 1

δ2 0.5 1 1.5 1

δ 1 1 1 3

Wassily Leontief
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‣ Healthcare example 
‣ Charity a supports patients with common disease 
‣ Each charity bi supports patients with some rare disease. 

‣ Unique equilibrium for linear utilities.

29

a b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 Ci

δ1 30

δ2 30

δ3 30

δ4 30

δ5 30

δ6 30

δ7 30

δ8 30

δ9 30

δ10 30

δ

a b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 Ci

δ1 30 30

δ2 30 30

δ3 30 30

δ4 30 30

δ5 30 30

δ6 30 30

δ7 30 30

δ8 30 30

δ9 30 30

δ10 30 30

δ 300
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‣ Healthcare example 
‣ Charity a supports patients with common disease 
‣ Each charity bi supports patients with some rare disease. 

‣ Uncoordinated rule for Leontief utilities

a b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 Ci

δ1 30 30

δ2 30 30

δ3 30 30

δ4 30 30

δ5 30 30

δ6 30 30

δ7 30 30

δ8 30 30

δ9 30 30

δ10 30 30

δ 300

a b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 Ci

δ1 20 10 30

δ2 20 10 30

δ3 20 10 30

δ4 20 10 30

δ5 20 10 30

δ6 20 10 30

δ7 20 10 30

δ8 20 10 30

δ9 20 10 30

δ10 20 10 30

δ 200 10 10 10 10 10 10 10 10 10 10
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‣ Healthcare example 
‣ Charity a supports patients with common disease 
‣ Each charity bi supports patients with some rare disease. 

‣ EDR (unique equilibrium for Leontief utilities) 

a b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 Ci

δ1 20 10 30

δ2 20 10 30

δ3 20 10 30

δ4 20 10 30

δ5 20 10 30

δ6 20 10 30

δ7 20 10 30

δ8 20 10 30

δ9 20 10 30

δ10 20 10 30

δ 200 10 10 10 10 10 10 10 10 10 10

a b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 Ci

δ1 5 25 30

δ2 5 25 30

δ3 5 25 30

δ4 5 25 30

δ5 5 25 30

δ6 5 25 30

δ7 5 25 30

δ8 5 25 30

δ9 5 25 30

δ10 5 25 30

δ 50 25 25 25 25 25 25 25 25 25 25
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Equilibrium Distribution Rule

‣ The tradeoffs present in the case of linear and dichotomous utilities vanish! 

‣ Theorem (B. et al., 2023): EDR is (group-)strategyproof. 

‣ Theorem (⋅): The equilibrium is rational-valued and can be computed in 
polynomial time via convex programming and a separation oracle. 

‣ Theorem (⋅): EDR has nice monotonicity properties: 
‣ Agent increases contribution   ⇒ funding of no charity decreases 

‣ Agent increases weight for charity  ⇒ funding of charity does not decrease 

‣ For dichotomous utilities, both properties are violated by NASH.

32



Collaborative Giving Felix Brandt

Further Results
‣ Theorem (B. et al., 2024): EDR is the only rule that satisfies group-

strategyproofness, core fair share, and continuity. 

‣ For all  and : 

‣   (Contribution incentive-compatibility) 

‣   (Strict participation) 

‣  distributes the amount  based on . 

‣ Strict participation is weaker than contribution incentive-compatibility. 

‣ Theorem (B. et al., 2023): EDR satisfies strict participation. 

‣ Proposition: No distribution rule satisfies contribution incentive-compatibility for 
Leontief utilities.

U ∈ 𝒰N i ∈ N
ui( f(U)) ≥ max

δ*i ∈Δ(Ci)
ui( f−i(U) + δ*i )

ui( f(U)) > min
δ*i ∈Δ(Ci)

ui( f−i(U) + δ*i )

f−i(U) ∑j∈N∖{i} Cj (u1, …, ui−1, ui+1, …, un)

33
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Proof
‣ Proposition: No distribution rule satisfies contribution incentive-

compatibility. 

‣ Proof by contradiction:

34

a b c d Ci ui

δ1 6 ≥4

δ2 6 ≥3

δ ≥4 ≥4 ≥3 ≥3

 and  

  ↯
u1(δ) ≥ 4 u2(δ) ≥ 3
4 + 4 + 3 + 3 = 14 ≥ C = 6 + 6 = 12

a b c d C1 u1

δ1 3 3 6 3

a b c d C2 u2

δ2 2 2 2 6 2
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Binary Weights

‣ A Leontief utility function  has binary weights if  for all . 

‣ Theorem (B. et al., 2023): For binary weights, EDR coincides with 
egalitarian rules: 

Among all  with , EDR lexicographically maximizes both 

‣  (the minimal contribution to a charity), and 

‣  (the minimal utility of an agent). 

‣ For binary weights, EDR can thus be computed via linear programming.

ui vi(x) ∈ {0,1} x ∈ A

δ ∈ Δ(C) ∑x∈A : vi(x)>0 δi(x) = Ci

minx∈A δ(x)
mini∈N ui(δ)

35
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Spending Dynamics
‣ Each agent has set aside a, say, monthly budget for  

charitable activities. 

‣ Agents become active in round-robin order. 

‣ Each agent observes the accumulated distribution  
of the last  rounds and then distributes her  
own contribution myopically optimal. 

‣ Theorem (B. et al., 2023): The collective distribution  
of the last  rounds converges to EDR. 

‣ Even with occasional changes to preferences and  
contributions, the relative overall distribution keeps  
converging towards the equilibrium distribution.

n − 1

n

36

a b c d Ci ui

δ1 18 18 36 18

δ2 6 24 24 54 24

δ3 18 18 42

δ1 21 15 36 21

δ2 14 11 29 54 29

δ3 18 18 29

δ1 25 11 36 25
⋮ ⋮ ⋮ ⋮

δ 27 27 27 27 108
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Potential Utility Functions

38

Leontief

Cobb-Douglas

ℓ1 disutilities

ℓ2 disutilities

linear

dichotomous
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Cobb-Douglas Utilities

‣     (Equivalently, ) 

‣  for all  and  for some . 

‣ Theorem (B. et al., 2023): Each utility profile admits a unique equilibrium, 
which coincides with the equilibrium for Leontief utility functions  
using the same weights. 

‣ Convergence of the spending dynamics also holds for Cobb-Douglas. 

‣ However, efficiency and strategyproofness break down.

ui(δ) = ∏
x∈A

δ(x)vi(x) ui(δ) = ∑
x∈A

vi(x) ⋅ log δ(x)

vi(x) ≥ 0 x ∈ A vi(x) > 0 x ∈ A

39

Charles Cobb Paul Douglas
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A Prisoners’ Dilemma
‣ The equilibrium distribution can be inefficient for Cobb-Douglas utilities. 
‣ There is  with  for all . 

 
 
 
 
 

‣ For Leontief utility functions, equilibrium distributions are always efficient! 
 

δ′￼ ∈ Δ(C) ui(δ′￼) > ui(δ) i ∈ N

40

uncoordinated rule

a b c Ci ui

δ1’ 3 3 6 18

δ2’ 3 3 6 18

δ’ 3 6 3 12

equilibrium

a b c Ci ui

δ1 4 2 6 16

δ2 2 4 6 16

δ 4 4 4 12

Cobb-Douglas (0,3,3) (0,2,4)

(3,3,0) 18,18 15,20

(4,2,0) 20,15 16,16

Leontief (0,3,3) (0,2,4)

(3,3,0) 3,3 3,4

(4,2,0) 4,3 4,4

(0,3,3) (0,2,4)

(3,3,0) (3,6,3) (3,5,4)

(4,2,0) (4,5,3) (4,4,4)
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Potential Utility Functions

41

Leontief

Cobb-Douglas

ℓ1 disutilities

ℓ2 disutilities

linear

dichotomous
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ℓ1 Disutilities

‣  

‣  for all  and . 

‣ Theorem (Linder et al., 2008): The utilitarian rule (with careful tie-breaking) 
satisfies efficiency and strategyproofness. 

‣ Theorem (Freeman et al., 2021): The “independent markets” rule satisfies 
strategyproofness and proportionality (a weakening of core fair share) but 
fails efficiency. 

‣ Theorem (B. et al., 2024): No distribution rule satisfies efficiency, 
strategyproofness, and proportionality.

ui(δ) = − ∑
x∈A

|vi(x) − δ(x)|

vi(x) ≥ 0 x ∈ A ∑x∈A vi(x) = C

42
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Summary
‣ Donor coordination can increase the efficiency  

of charitable giving. 

‣ For linear utilities, results are mostly negative. 

‣ For dichotomous utilities, desirable properties need to be traded off and  
CUT and NASH are attractive rules. 

‣ For Leontief utilities, EDR satisfies virtually all desirable properties. 

‣ Equilibrium existence, uniqueness, and convergence extend to  
Cobb-Douglas utility functions. 
‣ Efficiency and strategyproofness break down. 

‣ Early mixed results for ℓ1 disutilities. 

‣ Equilibrium distributions and spending dynamics for ℓ1 are largely unexplored.
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