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Abstract
Models, rules, and axioms from social choice theory have
gained increasing traction in AI, particularly for evaluation
and alignment purposes. In these applications, the set of avail-
able alternatives varies, which makes the consistency of choice
across varying feasible sets a central concern. Two key prop-
erties in this context are expansion and stability. The former
demands that alternatives chosen from two different feasible
sets be chosen from their union, whereas the latter demands
that a set be chosen from two feasible sets if and only if it
is chosen from their union. The latter condition implies that
choice sets are invariant under the removal of unchosen alter-
natives and entails a certain level of resilience against clones.
We show that a simple rule, grounded in the fundamental
principles of Condorcet and Pareto, plays a unique role within
the class of rules satisfying these axioms. The rule operates
on truncated ballots and thus does not require the voters to
rank all alternatives. Furthermore, it satisfies strong notions
of strategyproofness and participation. By contrast, we prove
that no Pareto-optimal rule that refines maximin on at most
three alternatives simultaneously satisfies substantial weaken-
ings of expansion and stability, which rules out ranked pairs,
Schulze’s rule, split cycle, river, and other popular rules.

1 Introduction
Recent advances in artificial intelligence (AI) and machine
learning have sparked renewed interest in social choice the-
ory, a field at the intersection of economics, mathematics,
and political science. Social choice theory is concerned with
functions that aggregate the preferences of multiple voters
over some set of alternatives into a collective decision. In
machine learning, methods from social choice theory have
been adopted to evaluate artificially generated agents that
play games (e.g., Balduzzi et al. 2018; Lanctot et al. 2025a,b;
Maura-Rivero et al. 2025). The learning algorithms are based
on regularly ranking the players based on their performance
and then generating refined offspring. Here, the games are
the voters, and the players are the alternatives. Other recent
work in machine learning uses social choice to improve the
alignment of generative AI (e.g., Conitzer et al. 2024; Pro-
caccia, Schiffer, and Zhang 2025; Gölz, Haghtalab, and Yang
2025; Khalaf et al. 2026; Halpern et al. 2026). The task is
to ensure that AI systems operate in ways that reflect human
values and preferences via reinforcement learning with hu-
man feedback that is aggregated using methods from social

choice theory.
The sets of available alternatives—so-called feasible

sets—considered in these applications are not fixed but vari-
able. As a consequence, there has been a push towards social
choice functions that are robust with respect to nearly iden-
tical alternatives (so-called clones) (see, e.g., Lanctot et al.
2025a,b; Maura-Rivero et al. 2025; Conitzer et al. 2024;
Procaccia, Schiffer, and Zhang 2025; Khalaf et al. 2026;
Halpern et al. 2026). We argue that related conditions of
choice consistency, which ensure that choices are consistent
across varying feasible sets, are equally important (see, also
Lanctot et al. 2025a; Brandt 2026). In this paper, we study
which social choice functions (SCFs) satisfy two consistency
conditions and two classical normative principles of social
choice:
• A set should be chosen from two feasible sets if and only

if it is chosen from their union (stability). This condition
implies that choice sets are invariant under the removal
of unchosen alternatives and entails a certain level of
resilience against clones.

• Alternatives that are chosen from two feasible sets should
also be chosen from their union (expansion).

• Pareto-dominated alternatives should never be chosen
(Pareto-optimality).

• An alternative that is preferred to every other alternative
by some majority of voters should be selected (Condorcet-
consistency).

Stability is rather demanding, and only few of the commonly
studied SCFs are stable. In recent work, Döring, Brill, and
Heitzig (2026) have reinitiated the investigation of a prop-
erty called independence of Pareto-dominated alternatives
(IPDA), which goes back to Fishburn (1973) and is weaker
than the conjunction of stability and Pareto-optimality.

When evaluating common social choice functions in terms
of the four key properties listed above, it turns out that none of
them satisfies all the criteria (see Table 1). We find that a sim-
ple rule, which we call the Condorcet–Pareto rule, meets all
of these requirements (Theorem 1).1 The definition of this
rule combines two of the most widely accepted principles

1To the best of our knowledge, the Condorcet–Pareto rule was
first considered by Gärdenfors (1976, Ex. 6) in a setting with com-
plete ballots.
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in social choice theory: Condorcet-consistency and Pareto-
optimality. Our second theorem shows that the Condorcet–
Pareto rule is the only monotonic support-based and homo-
geneous SCF satisfying these axioms (Theorem 2). As men-
tioned above, many SCFs already struggle to satisfy only
some of our desiderata. We extend these observations by
proving that no SCF that refines maximin on at most 3 alter-
natives satisfies both (a weakening of) expansion and IPDA
(Theorem 3). Various popular SCFs satisfy the maximin re-
quirement (e.g., Nanson’s rule, Dodgson’s rule, Kemeny’s
rule, ranked pairs, Schulze’s rule, split cycle, river, and max-
imin itself) and are therefore covered by this impossibility
result. The Condorcet–Pareto rule possesses additional de-
sirable properties such as strategyproofness, which is also
of interest in AI alignment (Conitzer et al. 2024). Strate-
gyproofness demands that no voter should be better off by
lying about his preferences and is notoriously difficult to
satisfy. Nevertheless, the Condorcet–Pareto rule manages to
satisfy a strong version of this axiom, as well as participation,
which requires that no voter should benefit from abstaining
from an election.

A common issue with the classic model of social choice is
that voters are unable to rank all available alternatives. This
problem is especially relevant to the AI applications men-
tioned above due to the multitude of available alternatives.
For this reason, we study a model in which voters submit
truncated ballots, that is, each voter has the freedom of only
ranking a subset of alternatives with the understanding that
all unranked alternatives are less preferred than ranked ones
(see, e.g., Fishburn and Brams 1984; Baumeister et al. 2012;
Terzopoulou and Endriss 2021). These incomplete prefer-
ences give rise to modal logical interpretations of notions
such as Pareto-optimality (see, e.g., Konczak and Lang 2005;
Xia and Conitzer 2008). For example, given a truncated bal-
lot, an alternative is necessarily Pareto-optimal if and only if
it is not possibly Pareto-dominated. The Condorcet–Pareto
rule is then defined as follows:

Remove all alternatives that are possibly Pareto-
dominated and uniquely select an alternative that is
necessarily a Condorcet winner.

In other words, the Condorcet–Pareto rule selects a neces-
sary Condorcet winner whenever it exists and returns all
necessarily Pareto-optimal alternatives otherwise.

In comparison to most of the SCFs listed in Table 1,
the Condorcet–Pareto rule tends to produce relatively large
choice sets. As Theorem 2 shows, this price has to be paid
for the strong axiomatic foundation. The Condorcet–Pareto
rule may not be as indecisive as it appears. In many real-
world preference profiles, especially in political elections,
Condorcet winners are commonly found (see, e.g., Feld and
Grofman 1992; Gehrlein and Lepelley 2011; Mattei, For-
shee, and Goldsmith 2012; Brandt and Seedig 2016). This
trend is also observable in applications within AI (Lanctot
et al. 2025a,b). Moreover, the Pareto-optimality criterion is
more selective with truncated ballots than it is in general, as
possibly Pareto-dominated alternatives are quite common.

SCF Stability Exp. Pareto Cond. IPDA SP/Part.
Condorcet–Pareto ✓∗ ✓∗ ✓ ✓ ✓ ✓
Condorcet ✓ ✓ – ✓ – ✓
Pareto ✓ ✓ ✓ – ✓ ✓
Top Cycle ✓ ✓ – ✓ – ✓
Pareto (Top Cycle) –∗ ✓∗ ✓ ✓ – –
Top Cycle (Pareto) ✓∗ –∗ ✓ ✓ ✓ ✓
Uncovered Set – ✓ ✓ ✓ –∗ –
Min. Cov. Set ✓ – ✓ ✓ ✓ –
Defensible Set –∗ ✓∗ ✓ ✓ ✓∗ –
Maximin – – ✓ ✓ ✓∗ –
Split Cycle – ✓ ✓ ✓ – –
River – –∗ ✓ ✓ ✓ –

Table 1: Axiomatic comparison of SCFs with a focus on
choice consistency and incentive-compatibility. See Dutta
and Laslier (1999), Holliday and Pacuit (2023), and Döring,
Brill, and Heitzig (2026) for definitions of the minimal cov-
ering set, split cycle, and river, respectively. The Condorcet
rule returns the Condorcet winner whenever it exists, and all
alternatives otherwise. The remaining SCFs are defined in
this paper. New results are marked with an asterisk (*).

2 Preliminaries
Let U = {a, b, . . . } be an infinite universal set of alterna-
tives. We will consider choices from finite subsets ofU based
on the preferences of multiple voters. To this end, let N be
the set of potential voters. A non-empty and finite setN ⊆ N
is called an electorate. Given some electorate N , each voter
i ∈ N submits a strict partial order ≻i, i.e., an asymmetric
and transitive relation over the alternatives in U , interpreted
as a top-truncated ballot. An alternative x ∈ U is ranked by
voter i if there is some y ∈ U such that x ≻i y. The order
≻i is truncated if, firstly, x ≻i y whenever x is ranked and
y is not, and, secondly, x ≻i z or z ≻i x whenever x and z
are ranked. The set of all truncated orders is denoted by R.
The set of all preference profiles P is defined as the union
of all RN for all electorates N ⊆ N such that at least one
voter in N ranks at least one alternative. NP denotes the set
of voters on which P is defined. A profile P ∈ P is fully
ranked for a set of feasible sets A if all voters i ∈ NP rank
all alternatives in all A ∈ A. In this case, all relations ≻i

are connected and thus strict total orders. For a fixed profile
P ∈ P , we only consider those sets A ⊆ U feasible such
that at least one voter ranks at least one alternative in A. The
set of feasible sets for profile P is denoted by FP . A social
choice function (SCF) maps each profile P ∈ P and feasible
set A ∈ FP to a nonempty set f(P,A) ⊆ A of alternatives.
We say that f is a refinement of f ′ and that f ′ is a coarsening
of f if f(P,A) ⊆ f ′(P,A) for all P ∈ P and A ∈ FP .

Anonymity and neutrality. Anonymity and neutrality are
two elementary fairness conditions of SCFs. f is anonymous
if f(P,A) = f(P ′, A) for all profiles P, P ′ ∈ P and A ∈
FP such that there is a bijection π : NP → NP ′ with ≻i =
≻′

π(i) for all i ∈ NP . f is neutral if f(P ′, B) = {π(x) : x ∈
f(P,A)} for all profiles P, P ′ ∈ P with NP = NP ′ and
feasible setsA,B ∈ FP such that there is a bijectionπ : A→

2
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B with (x ≻i y) ⇔ (π(x) ≻′
i π(y)) for all i ∈ NP and

x, y ∈ A.

Support-basedness and margin-basedness. The follow-
ing conditions require that the output of an SCF only depends
on anonymized pairwise comparisons between alternatives.
Given two alternatives x, y ∈ U and a profile P ∈ P ,
denote by Nxy the set of voters who prefer x to y, i.e.,
{i ∈ NP : x ≻i y}. Furthermore, nxy = |Nxy|. An SCF f
is support-based if it is neutral and for all P, P ′ ∈ P and
A ∈ FP , ∀x, y ∈ A : nxy = n′

xy ⇒ f(P,A) = f(P ′, A).
Note that every support-based SCF is anonymous. Let
ñxy = nxy − nyx be the majority margin of x over y. An
SCF f is margin-based if it is neutral and for all P, P ′ and
A, ∀x, y ∈ A : ñxy = ñ′xy ⇒ f(P,A) = f(P ′, A). Clearly,
every margin-based SCF is also support-based. A support-
based SCF f is said to be monotonic if, given any profiles
P, P ′ ∈ P , and x ∈ U such that for all y, z ∈ U \ {x},
n′yz = nyz and n′xy ≥ nxy , we have that for all A ∈ FP ,
x ∈ f(P,A) implies x ∈ f(P ′, A).2

Homogeneity. For k ∈ N, a k-fold copy k · P of a profile
P ∈ P is a profile obtained by replacing every voter of
P with k voters having the same preferences. An SCF f
is homogeneous if f(P,A) = f(k · P,A) for all P ∈ P ,
A ∈ FP , and k ∈ N.

Pareto-optimality and Condorcet-consistency. Next, we
recall the fundamental principles of Pareto (1906) regarding
efficiency and of Condorcet (1785) regarding majoritarian
dominance. Given a profile P ∈ P and x, y ∈ U , x possibly
Pareto-dominates y if nyx = 0. An alternative x ∈ A is nec-
essarily Pareto-optimal in a feasible setA if no y ∈ A possi-
bly Pareto-dominates it. The set PO(P,A) of these alterna-
tives is always non-empty and can thus be interpreted as an
SCF. An SCF f is Pareto-optimal if f(P,A) ⊆ PO(P,A).
An alternativex is a necessary Condorcet winner inA ∈ FP ,
given some profile P ∈ P , if for all y ∈ A, nxy > n

2 . An
SCF f is a Condorcet extension (or Condorcet-consistent) if
f(P,A) = {x} whenever x is a necessary Condorcet winner
in A according to P .

Stability and expansion. This paper focuses on two cen-
tral choice consistency conditions: stability and expansion.
An SCF f satisfies expansion if for all profiles P ∈ P ,
all A,B ∈ FP , f(P,A) ∩ f(P,B) ⊆ f(P,A ∪ B) (Sen
1971). An SCF is stable if for all P ∈ P , A,B ∈ FP , and
X ⊆ A∩B,X = f(P,A∪B) if and only ifX = f(P,A) =
f(P,B) (Brandt and Harrenstein 2011). Stability can be bro-
ken down into its two implications. The direction from left
to right is set-contraction (aka ˆ︁α or the strong superset prop-
erty (Bordes 1979)) and the direction from right to left is
set-expansion (aka ˆ︁γ). Set-contraction then simplifies to re-
quiring that for allP ∈ P , allA,B ∈ FP , f(P,A) ⊆ B ⊆ A
implies f(P,A) = f(P,B). f satisfies set-expansion if for
all P ∈ P and A,B ∈ FP , f(P,A) = f(P,B) implies
f(P,A ∪ B) = f(P,A). Set-contraction and expansion are
equivalent to set-rationalizability (Brandt and Harrenstein

2Note that this version of monotonicity is not implied by support-
basedness and standard monotonicity.

2011) and local rationalizability (Duggan 2019; Brandt and
Dong 2025), respectively. An axiom that is a significantly
weaker version of set-contraction in the presence of Pareto-
optimality is called independence of Pareto-dominated al-
ternatives (IPDA) (aka reduction condition (Fishburn 1973,
p. 148)). An SCF f satisfies IPDA if for all P ∈ P , all
A ∈ FP and x ∈ A, we have f(P,A) = f(P,A \ {x}) if
x is Pareto-dominated in A. Finally, we define the following
weakening of expansion. An SCF f satisfies binary expan-
sion if for all P ∈ P and A,B ∈ FP with |B| = 2, we have
thatx ∈ f(P,A) and {x} = f(P,B) implyx ∈ f(P,A∪B)
(Holliday et al. 2024).

Clones. Two alternatives are clones of each other if each
voter ranks none of them at all, or both of them adjacent to
each other. Stability and neutrality entail a certain degree of
resilience against cloned alternatives. They imply that adding
or removing clones of unchosen alternatives does not affect
the choice set, and that when adding clones of a chosen
alternative, at least one of the clones will still be chosen. For
the first of these implications, let f be a neutral and stable
SCF, P ∈ P , A ∈ FP , X := f(P,A), and y, y′ ∈ U two
clones such that y ∈ A \ X and y′ ∈ U \ A. Then, set-
contraction implies that f(P,X ∪ {y}) = X . By neutrality,
f(P,X ∪ {y′}) = X . Applying set-expansion to A and
X ∪ {y′} then gives that f(P,A ∪ {y′}) = X , using that
X ⊆ A. The remaining implications already follow from
set-contraction alone. For removing a clone, let y, y′ ∈ A
be clones with y′ /∈ X . Since X ⊆ A \ {y′} ⊆ A, we get
f(P,A \ {y′}) = X . For adding a clone y′ ∈ U \ A of
a chosen alternative y ∈ X , suppose that y′ /∈ f(P,A ∪
{y′}). Then f(P,A ∪ {y′}) ⊆ A ⊆ A ∪ {y′}, and set-
contraction yields f(P,A ∪ {y′}) = f(P,A) = X , which
contains y.3 Note that the last two implications do not even
require that y and y′ are clones of each other. Stability implies
that preferences between unchosen alternatives are irrelevant.
The independence of clones condition proposed by Tideman
(1987) is discussed in Section 6.

Strategyproofness and participation. In order to study
strategyproofness and participation, we extend the voters’
preferences over alternatives to preferences over sets via Fish-
burn’s extension (see, e.g., Gärdenfors 1979). Given a voter
preference relation ≻i and two sets X,Y ⊆ U , we have that
X ≻i Y ⇔ X ̸= Y ∧(∀x ∈ X, y ∈ Y \X : x ≻i y)∧(∀x ∈
X \ Y, y ∈ Y : x ≻i y). This preference extension can be
explained by unknown linear tie-breaking orderings or ran-
domized tie-breaking based on a priori weights (see, e.g.,
Brandt, Saile, and Stricker 2022). An SCF f is manipulable
by a group of voters C if there exist profiles P, P ′ ∈ P , and
A ∈ FP with ∅ ̸= C ⊆ NP = NP ′ such that ≻j = ≻′

j for
all j ∈ NP \C, and f(P ′, A) ≻i f(P,A) for all i ∈ C. Note
that the manipulating voters are even allowed to change which
alternatives they rank. An SCF f is group-strategyproof if
it is not manipulable by any group of voters. For a profile
P ∈ P and C ⊆ NP , let P−C denote the profile obtained

3The Condorcet–Pareto rule is also resilient against removing
clones of chosen alternatives, even though this is not implied by
stability and neutrality.

3
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from P by removing the voters in C. An SCF f satisfies
group-participation if there are no P ∈ P , A ∈ FP , and
∅ ̸= C ⊆ NP such that f(P−C , A) ≻i f(P,A) for all
i ∈ C.

3 Axiomatic Analysis
Table 1 shows which of the axioms defined in the previ-
ous section are satisfied by commonly studied SCFs. In this
section, we prove the marked entries of Table 1 that, to the
best of our knowledge, have not been established elsewhere.
We first give some brief definitions of the required SCFs for
profiles which are fully-ranked on all relevant feasible sets.

Given P ∈ P and A ∈ FP , an alternative x ∈ A dom-
inates y ∈ A, written as x ≻M y, if nxy > nyx. Similarly,
x weakly dominates y, written as x ≿M y, if nxy ≥ nyx,
and x ∼M y denotes a majority tie between x and y, i.e.,
x ≿M y and y ≿M x. Moreover, x ∈ A covers y ∈ A
if x dominates y, x dominates every z ∈ A that y dom-
inates, and every z ∈ A that dominates x also dominates
y; the uncovered set UC (P,A) consists of all alternatives
in A that no other alternative covers.4 Observe that, for
fully-ranked profiles, x Pareto-dominates y if and only if
ñxy = n. Maximin returns all alternatives x ∈ A whose
maximin score sA(x) := miny∈A\{x} ñxy is maximal. The
top cycle (TC ) returns the smallest nonempty set B ⊆ A
such that every alternative in B dominates every alterna-
tive in A \ B; this is well-defined because sets with this
property are totally ordered by inclusion. Recall that PO re-
turns the set of Pareto-optimal alternatives, and let PO(TC )
and TC (PO) denote the compositions PO ◦ TC and
TC ◦ PO , i.e., PO(TC )(P,A) := PO(P,TC (P,A)) and
TC (PO)(P,A) := TC (P,PO(P,A)). TC (PO) is strate-
gyproof while PO(TC ) is not (Brandt and Lederer 2023),
and TC (PO) is a refinement of PO(TC ) (Bordes 1979).
The defensible set (DS ) consists of all alternatives whose
dominations can each be countered, i.e., x ∈ DS (P,A) if
for every y ∈ A with ñyx > 0 there is some z ∈ A with
ñzy ≥ ñyx (see Pérez 2001; Holliday 2024; Brandt, Dong,
and Peters 2025).
Proposition 1. For profiles which are fully-ranked on all
relevant feasible sets, the defensible set satisfies Pareto-
optimality, expansion, and IPDA, but violates stability. More-
over, the uncovered set violates IPDA, maximin satisfies
IPDA, PO(TC ) satisfies expansion but violates IPDA and
stability, TC (PO) satisfies stability but violates expansion,
and river violates even binary expansion.

The proof of Proposition 1 is deferred to Appendix A.
Together with the well-known facts that PO is not

Condorcet-consistent and TC is not Pareto-optimal, Propo-
sition 1 reveals a symmetric relationship among the four rules
PO , TC , PO(TC ), and TC (PO) with respect to our four
main axioms of stability, expansion, Pareto-optimality, and
Condorcet-consistency. Each of these rules violates exactly
one of the four axioms, and each axiom is violated by exactly
one of the rules: PO violates Condorcet-consistency, TC

4This is McKelvey’s (1986) version of the covering relation and
the uncovered set.

violates Pareto-optimality, PO(TC ) violates stability, and
TC (PO) violates expansion. In particular, none of the four
axioms is implied by the conjunction of the other three.

4 The Condorcet–Pareto Rule
In this section, we propose a rule that satisfies all of our four
main desiderata. We define this rule for the general model
of truncated ballots, described in Section 2. For any P ∈ P
and A ∈ FP , the Condorcet–Pareto rule (CP ) returns {x}
wheneverx ∈ A is a necessary Condorcet winner and returns
the set of all necessarily Pareto-optimal alternatives in A
otherwise.

As an example, consider the 5-voter profile P depicted
below and the set of alternatives A := {a, b, c, d, e}.

2 1 1 1

b c a
c e
a

Two things immediately catch the eye: no voter ranks d, and
the last voter ranks no alternatives. Furthermore, e is possibly
Pareto-dominated by c, and d is possibly Pareto-dominated
by a, b, c, and e. As for the Condorcet–Pareto rule, we have,
e.g., CP(P,A) = {a, b, c}, and CP(P, {a, c, d, e}) = {c}
as c is a necessary Condorcet winner within the feasible
set {a, c, d, e}. It is easily seen that, in general, CP can be
computed in time O(n · |A|2).

Note the interesting dual inclusion ofCP for truncated bal-
lots: PO is refined for truncated ballots, as possibly Pareto-
dominated alternatives are excluded, while COND is coars-
ened for truncated ballots, as only necessary Condorcet win-
ners are returned.5

Theorem 1. CP is support-based and satisfies stability, ex-
pansion, Pareto-optimality, Condorcet-consistency, group-
strategyproofness, and group-participation.

Proof. Pareto-optimality, Condorcet-consistency, and being
support-based follow directly from the definitions. We pro-
ceed to prove the remaining conditions.

For expansion, consider any profile P ∈ P and feasible
sets A,B ∈ FP with x ∈ A ∩ B. Further, assume x ∈
CP(P,A) ∩ CP(P,B). We will show that x ∈ CP(P,A ∪
B). Clearly, x is necessarily Pareto-optimal in A and B, and
hence in A ∪ B as well. Therefore, the only case now in
which x might not be in CP(P,A ∪B) is when there exists
a necessary Condorcet winner y ̸= x in A ∪ B. However,

5Extending the SCFs discussed in Section 3 to truncated bal-
lots is not straightforward; naive, conservative, and liberal readings
of the definitions lead to problems. A naive reading of the def-
inition of the covering relation, for example, allows for possibly
Pareto-dominated alternatives that are uncovered. Choosing such
alternatives violates Pareto-optimality, a characteristic property of
UC . The same problem arises (even more frequently) for necessary
covering. Finally, excluding alternatives that are possibly covered
may lead to empty choice sets. CP does not face these issues be-
cause there always exists at least one necessarily Pareto-optimal
alternative.

4
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this is impossible because y would be a necessary Condorcet
winner inA andB as well, thus contradicting our assumption
that x is chosen in both sets.

For set-contraction, consider a profile P ∈ P and feasible
sets A,B ∈ FP with CP(P,A) ⊆ B ⊆ A. We shall show
thatCP(P,A) = CP(P,B). We need to consider two cases.
The first case is that CP(P,A) is the set of all necessarily
Pareto-optimal alternatives in A. This means that A \B ex-
clusively consists of possibly Pareto-dominated alternatives.
Further, only removing such alternatives from the feasible set
cannot turn an alternative into a necessary Condorcet winner
if it was not one before. This is because for any alternative x
possibly Pareto-dominated by y we have nzx ≥ nzy for all
third alternatives z. We get thatCP(P,A) = CP(P,B). The
second case is that CP(P,A) = {x} where x is a necessary
Condorcet winner in A. Then, x is a necessary Condorcet
winner in B too, and CP(P,A) = CP(P,B).

For set-expansion, consider a profile P ∈ P and feasible
sets A,B ∈ FP with CP(P,A) = CP(P,B). We shall
show that CP(P,A ∪ B) = CP(P,A). Again, we need to
consider two cases. The first case is that CP(P,A) = {x}
for some x ∈ A ∩ B, i.e., we have a singleton. Then, x is a
necessary Condorcet winner in A and in B. It follows that it
is a necessary Condorcet winner in A ∪B. The second case
is that |CP(P,A)| ≥ 2. This means that neither in A nor in
B there exists a necessary Condorcet winner. Consequently,
CP(P,A) (and thus also CP(P,A ∪ B)) consists of all
necessarily Pareto-optimal alternatives in A ∪B.

For group-participation, consider a profile P =
(≻1, . . . ,≻n) ∈ P , a feasible set A ∈ FP , and coalition
C ⊆ NP . We will show that ¬(CP(P−C , A) ≻i CP(P,A))
for some i ∈ C. Assume the contrary, i.e., all voters in
C are better off by abstaining together. Let P ′ := P−C ,
X := CP(P ′, A), and Y := CP(P,A). We distinguish two
(not necessarily disjoint) cases: The first case is that there
exists x ∈ X \ Y such that for all y ∈ Y , x ≻i y for all
i ∈ C. Abstaining can never turn alternatives into necessar-
ily Pareto-optimal ones. Hence, the only way this case can
materialize is when Y is a singleton necessary Condorcet
winner y that is no longer a necessary Condorcet winner af-
ter the voters inC abstain from voting. This, in turn, requires
that for P there was an alternative in A, without loss of gen-
erality x, with nyx > n

2 while for P ′ it is n′yx ≤ n
2 . We

immediately get that y ≻i x for at least one i ∈ C and thus
that abstaining does not benefit i. The second case is that
there exists y ∈ Y \X such that for all x ∈ X , x ≻i y for
all i ∈ C. Here, we need to consider two subcases. The first
subcase is that X is a singleton necessary Condorcet winner
x that was not a necessary Condorcet winner yet before the
voters in C abstained from voting. This requires that for P
there was an alternative in A, without loss of generality y,
with nxy ≤ n

2 while for P ′ it is n′
xy >

n
2 . We immediately

get that y ≻i x for at least one i ∈ C and thus that abstaining
does not benefit i. The second subcase is that Y contains
alternatives which become possibly Pareto-dominated when
the voters in C abstain. For any such alternative y ∈ Y \X ,
consider the alternative(s) that possibly Pareto-dominate it
in P ′ and observe that there exists one among them which is
still necessarily Pareto-optimal in P ′. This is an x ∈ X such

that y ≻i x for at least one i ∈ C and thus abstaining does
not benefit i.

Group-strategyproofness of CP for untruncated ballots
follows from results by Brandt and Brill (2011). For possibly
truncated ballots, consider profiles P, P ′ ∈ P , feasible sets
A ∈ FP , and a coalitionC ⊆ NP . Assume for contradiction
that C can manipulate from P to P ′. Let X := CP(P ′, A)
and Y := CP(P,A). As for participation, we distinguish
two cases: The first case is there exists x ∈ X \ Y such that
for all y ∈ Y , x ≻i y for all i ∈ C. We treat two subcases.
The first subcase is that Y is a singleton necessary Condorcet
winner y that is no longer a necessary Condorcet winner for
P ′. This requires that for P there was an alternative in A,
without loss of generality x, with nyx >

n
2 while for P ′ it is

n′yx ≤ n
2 . We immediately get that y ≻i x for at least one

i ∈ C and consequently C did not successfully manipulate.
The second subcase is that X contains necessarily Pareto-
optimal alternatives that were possibly Pareto-dominated for
P . Let x be such an alternative. By the fact that it is possibly
Pareto-dominated by some y ∈ Y for P , we know that all
voters in P who rank x prefer y to it. This already rules out
the possibility of a voter i ∈ C with x ≻i y and hence also
the possibility of a successful manipulation. The second case
is that there exists y ∈ Y \X such that for all x ∈ X , x ≻i y
for all i ∈ C. We treat two subcases. The first subcase is
thatX is a singleton necessary Condorcet winner x that was
not a necessary Condorcet winner yet for P . This requires
that for P there was an alternative in A, without loss of
generality y, with nxy ≤ n

2 while for P ′ it is n′
xy > n

2 .
We immediately get that y ≻i x for at least one i ∈ C and
consequentlyC did not successfully manipulate. The second
subcase is that Y contains alternatives that become possibly
Pareto-dominated forP ′. For any such alternative y ∈ Y \X ,
consider the alternative(s) that possibly Pareto-dominate it in
P ′ and observe that there exists one among them which is
still necessarily Pareto-optimal in P ′. This is an x ∈ X such
that y ≻i x for at least one i ∈ C and consequently C did
not successfully manipulate.

Remark 1. The definition of CP can be extended to weak
preferences such that all properties listed in Theorem 1, ex-
cept strategyproofness, are retained. Brandt (2015, Theorem
2) has shown that all Condorcet extensions already violate a
weaker version of strategyproofness for weak preferences.
Remark 2. For profiles where each voter ranks exactly one
alternative, CP corresponds to (a set-valued version of)
OMNI ∗, a rule recently introduced by Lederer (2021).
Remark 3. Brandt and Lederer (2023) gave a complete char-
acterization of all margin-based strategyproof SCFs, all of
which violate Pareto-optimality. This impossibility is cir-
cumvented by CP because it is support-based rather than
margin-based. The same is true for TC (PO), which is also
support-based and strategyproof. However, TC (PO) vio-
lates expansion (see Proposition 1).

5 Characterization and Impossibilities
In this section, we only need (and use) profiles which are
fully-ranked on all relevant feasible sets. Accordingly, we use
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the standard terms like Pareto-optimality without qualifying
by “necessary” or “possible”.

Given all the desirable axioms satisfied by CP , we are
interested in a characterization of CP . We start by showing
a lemma that relates our axioms to the uncovered set UC ,
defined in Section 3, and establishes that we have to choose
all uncovered alternatives. We first prove the lemma for up to
3 alternatives and then extend to any number of alternatives.

Lemma 1. Every Condorcet extension that satisfies
anonymity, neutrality, stability, and expansion is a coars-
ening of UC if at most 3 alternatives are feasible.

To convey a main idea, we give a proof sketch here. The
full proof of Lemma 1 is deferred to Appendix A.

Proof sketch. The proof goes by case analysis on the major-
ity relation. For most cases, the theme is that if an uncov-
ered alternative is excluded by a rule satisfying the axioms,
removing this alternative from the feasible set leads to a
contradiction due to set-contraction.

Let us consider the case of a majority cycle as an example,
i.e., we have a ≻M b ∧ b ≻M c ∧ c ≻M a. Assume for
contradiction that f(P, {a, b, c}) ̸= {a, b, c}. Without loss
of generality, we have to consider two cases. In the first
case, f(P, {a, b, c}) = {a, b}. By set-contraction, it follows
that f(P, {a, b}) = {a, b}. Since f is Condorcet-consistent,
f(P, {a, b}) = {a}, a contradiction. In the second case,
f(P, {a, b, c}) = {a}. By set-contraction, it follows that
f(P, {a, c}) = {a}. Again, f being Condorcet-consistent
requires f(P, {a, c}) = {c}, a contradiction.

Not all cases are that easy. In some, we do use expansion.
The most complex case is for the majority relation of a ≻M

b ∧ a ∼M c ∧ b ≻M c where we need anonymity, neutrality,
and set-expansion too.

Lemma 2. Every Condorcet extension that satisfies
anonymity, neutrality, stability, and expansion is a coars-
ening of UC .

Proof. Let f be a Condorcet extension satisfying anonymity,
neutrality, stability, and expansion. For any given profileP ∈
P and A ∈ FP , consider now an arbitrary x ∈ UC (P,A).
We show that x ∈ f(P,A) must hold too. Let y be any other
alternative in A. Since x is not covered by y, there exists
z ∈ A such that x ∈ UC (P, {x, y, z}). By Lemma 1, we get
x ∈ f(P, {x, y, z}). Define for such y the notation Ax,y :=
{x, y, z}. We have now a set of subsets of A in which x is
chosen and which covers A (in the set-theoretic sense), i.e.,⋃︁

y∈A\{x}Ax,y = A and ∀y ∈ A \ {x} : x ∈ f(P,Ax,y).
By application of expansion, we conclude x ∈ f(P,A).

It turns out that our four key axioms are not sufficient to
characterize CP . It is possible to slightly modify CP on
specific profiles such that the resulting SCF still satisfies all
four axioms. Even anonymity and neutrality do not suffice to
pin down CP . Consider the following anonymous profile P
where w, x, y, and z are variables for alternatives.

2 1 1 1

w z x y
x y y z
y x z w
z w w x

Let an SCF f∗ be defined the following way.
f∗(P, {w, x, y, z}) = {w, x, y}. More generally, for any pro-
file P ′ and a set of alternatives Z such that for every z ∈ Z,
some alternativesw, x, and y, and z are ranked as in k ·P for
some k ∈ N, we let f∗(P ′, {w, x, y}∪Z) = {w, x, y}. In all
other cases f∗ = CP . Given Theorem 1, it is straightforward
to verify that f∗ is a Condorcet extension and satisfies Pareto-
optimality, stability, and expansion. In particular, since z is
covered inP , Lemma 2 is not violated. Moreover, f∗ satisfies
anonymity, neutrality, and homogeneity by definition.

Obviously, CP is the coarsest Condorcet extension satis-
fying Pareto-optimality. The key question is whether Pareto-
optimal alternatives can be rejected without violating the
axioms. Variants of the above example show that CP is also
not the finest SCF satisfying our main desiderata, even when
including anonymity and neutrality. The key restriction en-
abling our characterization of CP is support-basedness. An
overwhelming majority of commonly studied SCFs, includ-
ing all SCFs mentioned in this paper, are support-based.6

Theorem 2. CP is the only monotonic support-based Con-
dorcet extension that satisfies Pareto-optimality, stability, ex-
pansion, and homogeneity.

The proof of Theorem 2 is deferred to Appendix A.
Remark 4. When ruling out majority ties, the proof of Theo-
rem 2 (and its underlying lemmas) can be carried out in a very
similar manner, using only set-contraction instead of stabil-
ity. Under these assumptions, CP is the finest SCF satisfying
the axioms, not the unique one.
Remark 5. In Theorem 2, Condorcet-consistency can be re-
placed with a much weaker condition that merely requires
that the SCF coincides with majority rule on two-alternative
feasible sets. This is easily seen by observing that the latter
condition and set-expansion immediately imply Condorcet-
consistency.

We now discuss the independence of the axioms used
in Theorem 2. Support-basedness cannot be dropped be-
cause of SCFs such as f∗, which satisfy all axioms except
support-basedness. Furthermore, without expansion, MC or
TC (PO) satisfy the remaining axioms. Without stability,
UC or PO(TC ) satisfy the remaining axioms. Without
Pareto-optimality, TC satisfies the remaining axioms. With-
out Condorcet-consistency, PO satisfies the remaining ax-
ioms. This shows that all axioms, except for homogeneity
and monotonicity, are necessary. Whether homogeneity and
monotonicity are required depends on the properties of the
linear ordering polytope, which is poorly understood and is

6Two notable Condorcet extensions that are not support-based
are Young’s rule and Dodgson’s rule (see, e.g., Caragiannis, Hemas-
paandra, and Hemaspaandra 2016). Both SCFs violate stability,
expansion, and even homogeneity.

6
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connected to challenging combinatorial problems (Fishburn
1992). With the help of computers, we were able to show that
neither homogeneity nor monotonicity are required when at
most 5 feasible alternatives are Pareto-optimal.

Since CP is properly support-based, Theorem 2 turns into
an impossibility when restricting attention to margin-based
rules.
Corollary 1. There exists no monotonic margin-based Con-
dorcet extension satisfying Pareto-optimality, stability, ex-
pansion, and homogeneity.

Since our four main axioms only allow for rather undis-
criminating SCFs, we now consider a weakening of set-
contraction (given Pareto-optimality), which in turn is a
weakening of stability. Recall that IPDA requires the choice
set to be invariant under the removal of Pareto-dominated
alternatives. Döring, Brill, and Heitzig (2026) recently ob-
served that split cycle violates IPDA and proposed a re-
finement of split cycle—called river—which satisfies IPDA.
However, split cycle satisfies expansion (Holliday and Pacuit
2023), and, as we have pointed out in Proposition 1, river vio-
lates expansion. This naturally raises the question of whether
any margin-based SCF satisfies both properties simultane-
ously.

The following theorem concerns rules that refine max-
imin on feasible sets of at most 3 alternatives. This class
includes the two above-mentioned and almost all other pop-
ular margin-based SCFs (e.g., ranked pairs, Schulze’s rule,
Kemeny’s rule, Nanson’s rule, Dodgson’s rule, Young’s rule,
stable voting, leximin, and maximin itself). Moreover, a
strong case for such SCFs was recently made by Brandt,
Dong, and Peters (2025) and Holliday and Pacuit (2026)
using variable-electorate axioms.

Recall that binary expansion is the weakening of expansion
in which one of the two feasible sets has size 2 and a unique
winner.
Theorem 3. No SCF that refines maximin on at most 3
alternatives satisfies IPDA and binary expansion.

Proof. Let A := {a, b, c} be a feasible set. Assume for con-
tradiction, an SCF f satisfies the above conditions. As in
previous proofs, the idea is to add a new Pareto-dominated
alternative to A, force a change of the chosen set, and thus
derive a contradiction. Consider A′ := A ∪ {d}. The profile
P and majority margins illustrated in Figure 1 reveal that
f(P,A) = {b} ̸∋ a. By contrast, a ∈ f(P,A′) because
{a} = f(P, {a, b}) and a ∈ f(P, {a, c, d}), and f satisfies
binary expansion. This contradicts IPDA since d is Pareto-
dominated by b in A′.

The impossibility marks a sharp frontier in terms of deci-
siveness. Maximin refines the defensible set,7 and by Propo-
sition 1 the defensible set is a margin-based, Condorcet-
consistent coarsening of maximin that satisfies both expan-
sion and IPDA. These two choice-consistency conditions can

7If x is a maximin winner in A and ñyx > 0 for some y ∈ A,
then sA(y) = minw∈A\{y} ñyw ≤ sA(x) ≤ ñxy = −ñyx, so
some z ∈ A satisfies ñzy ≥ ñyx; hence every domination of x is
countered and x ∈ DS(P,A).

5 5 3 1 1

a b c c b
b d a b a
d c b a c
c a d d d

a

b

c

d

1

7
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15

3 5

Figure 1: Profile and majority margins (depicted as a graph)
used in the proof of Theorem 3

thus be reconciled by coarsening maximin, but, by Theo-
rem 3, not by refining it.

6 Conclusion
We have observed that none of the commonly studied SCFs
simultaneously satisfy four key axioms: stability, expansion,
Condorcet-consistency, and Pareto-optimality. We therefore
proposed the Condorcet–Pareto rule (CP ), which meets all
four requirements and proved that it is the only monotonic
support-based and homogeneous SCF satisfying these ax-
ioms. On top of that, CP satisfies group-strategyproofness
and group-participation. CP tends to return relatively large
choice sets, which seems unavoidable given our main desider-
ata. We showed that even significantly weaker axioms cannot
be satisfied by SCFs that achieve a certain level of decisive-
ness, including maximin, ranked pairs, Schulze’s rule, split
cycle, and river.

Like every SCF, CP has its shortcomings. For instance,
it may return a Condorcet loser (among other alternatives)
and, even though it is resilient against clones to some ex-
tent (see Section 2), it does not satisfy the independence
of clones (IoC) condition typically considered in the litera-
ture (Tideman 1987; Berker et al. 2025). We conjecture that
IoC is, in fact, incompatible with stability, expansion, and
Condorcet-consistency, and leave this as an open problem.
The Pareto rule, the uncovered set, and the minimal covering
set satisfy IoC, but each of these violates one of the three
remaining axioms. Refinements of split cycle that satisfy
IoC (ranked pairs and Schulze’s rule) violate both stability
and expansion. Another interesting open question is whether
Theorem 2 can be strengthened by omitting monotonicity
and/or homogeneity. As pointed out in Section 5, this would
require substantially new techniques. Brandl et al. (2019,
pp. 1049–1051) asked whether there is a margin-based SCF
that satisfies Condorcet-consistency, Pareto-optimality, and
participation. CP satisfies all three, but it is support-based
rather than margin-based; whether a margin-based SCF can
achieve this remains open.

Given the growing use of social choice for the evaluation
and alignment of AI systems, where feasible sets vary and
voters cannot be expected to rank all alternatives, we believe
that SCFs combining choice consistency with robustness to
truncated ballots deserve further attention.
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A Missing proofs
Proposition 1. For profiles which are fully-ranked on all
relevant feasible sets, the defensible set satisfies Pareto-
optimality, expansion, and IPDA, but violates stability. More-
over, the uncovered set violates IPDA, maximin satisfies
IPDA, PO(TC ) satisfies expansion but violates IPDA and
stability, TC (PO) satisfies stability but violates expansion,
and river violates even binary expansion.

Proof. We repeatedly use the following observation: if y
Pareto-dominates w, then y fares at least as well as w against
every other alternative, i.e., ñyv ≥ ñwv or, equivalently,
ñvy ≤ ñvw, for all v ∈ U \ {y, w}. Indeed, every voter i
with w ≻i v also has y ≻i v by transitivity, so Nwv ⊆ Nyv

and Nvy ⊆ Nvw, whence nyv ≥ nwv and nvy ≤ nvw.
For Pareto-optimality of the defensible set, letw be Pareto-

dominated in A and choose t ∈ A maximal with respect
to Pareto-domination among the alternatives that Pareto-
dominate w. Any z ∈ A with ñzt ≥ ñtw = n would
Pareto-dominate t and, by transitivity, also w, contradict-
ing the maximality of t. Hence, w’s domination by t cannot
be countered and w /∈ DS (P,A).

For expansion of the defensible set, let x ∈ DS (P,A) ∩
DS (P,B) and consider any y ∈ A ∪ B with ñyx > 0. If
y ∈ A, then, since x ∈ DS (P,A), there is z ∈ A ⊆ A ∪ B
with ñzy ≥ ñyx. If y ∈ B, such a z exists in B. Hence,
x ∈ DS (P,A ∪B).

For IPDA of the defensible set, let w be Pareto-dominated
in A and fix some y ∈ A that Pareto-dominates w. By
Pareto-optimality of the defensible set,w /∈ DS (P,A). Now
consider any x ∈ A \ {w}. If x ∈ DS (P,A), then every
u ∈ A \ {w} with ñux > 0 admits a counter z ∈ A with
ñzu ≥ ñux, and whenever z = w, the above observation al-
lows us to use y instead. Hence, x ∈ DS (P,A\{w}). If x /∈
DS (P,A), some domination of x by some u ∈ A cannot be
countered in A. We have u ̸= w because any domination by
w is countered by y as ñyw = n ≥ ñwx. Since A \ {w} con-
tains no additional potential counters, the domination of x by
u remains uncountered inA\{w} and x /∈ DS (P,A\{w}).
Altogether, DS (P,A) = DS (P,A \ {w}).

To see that the defensible set violates set-contraction, and
thereby stability, consider the following profile with five vot-
ers and the feasible set A = {a, b, c}.

2 2 1

a b c
b c a
c a b

The margins are ñab = ñca = 1 and ñbc = 3. In A, the
domination of a by c is countered by b, and the domina-
tion of b by a is countered by c. The domination of c by
b, however, cannot be countered because a, the only alter-
native dominating b, does so with margin 1 < 3. Hence,
DS (P,A) = {a, b} =: B. Within B, the domination of
b by a can no longer be countered, so DS (P,B) = {a}.
Since DS (P,A) ⊆ B ⊆ A and DS (P,B) ̸= DS (P,A),
set-contraction is violated.

To see that the uncovered set violates IPDA, consider the
following profile with three voters and the feasible set A =
{a, b, c, d, e}.

1 1 1

a b c
d d e
c c b
e a a
b e d

Here, c Pareto-dominates e, and all other margins are±1; the
dominations are a over d and e; b over a and d; c over a, b, and
e;d over c and e; and e over b. InA\{e}, alternative b coversa:
b dominates a, the only alternative dominated by a is d, which
b dominates as well, and the only alternative dominating b is
c, which also dominates a. Hence, a /∈ UC (P,A \ {e}). In
A, by contrast, no alternative covers a: only b and c dominate
a; b fails to cover a because a dominates e while b does not,
and c fails to cover a because a dominates d while c does
not. Hence, a ∈ UC (P,A) although e is Pareto-dominated
in A, violating IPDA.

For IPDA of maximin, again let w be Pareto-dominated
in A by y ∈ A. If A = {y, w}, the maximin winners in
A and in A \ {w} are both {y}, so assume |A| ≥ 3. We
first argue that sA\{w}(x) = sA(x) for all x ∈ A \ {w}, i.e.,
deleting the term ñxw from the minimum never affects it. For
x ̸= y, we have ñxw ≥ ñxy by the initial observation, and
the term ñxy remains. For x = y, the deleted term ñyw = n
is the largest possible margin. Second, w is not a maximin
winner in A: on the one hand, sA(w) ≤ ñwy = −n; on the
other hand, any Pareto-optimal alternative x∗ ∈ A (which
exists since Pareto-domination is transitive and asymmetric)
satisfies sA(x∗) > −n because ñx∗v = −nwould mean that
v Pareto-dominates x∗. Removing a non-winning alternative
while leaving all scores unchanged does not affect the set of
maximin winners.

For expansion of PO(TC ), let x ∈ PO(TC )(P,A) ∩
PO(TC )(P,B) and T := TC (P,A∪B). We first show that
x ∈ T . If T ∩ A ̸= ∅, then T ∩ A dominates the rest of A:
everyu ∈ T∩A dominates every v ∈ A\T . SinceTC (P,A)
is contained in every such set, x ∈ TC (P,A) ⊆ T ∩A ⊆ T .
If T ∩A = ∅, then T ⊆ B and every u ∈ T dominates every
v ∈ B \ T , so x ∈ TC (P,B) ⊆ T . Second, x is Pareto-
optimal in T . Suppose some u ∈ T Pareto-dominates x and
assume without loss of generality u ∈ A. If u ∈ TC (P,A),
this contradicts the Pareto-optimality of x in TC (P,A). If
u /∈ TC (P,A), then x dominates u because x ∈ TC (P,A),
contradicting ñux = n. Hence, x ∈ PO(TC )(P,A ∪B).

To see that PO(TC ) violates IPDA and stability, consider
the following profile with three voters and the feasible set
A = {a, b, c, d, e}.

1 1 1

a b e
c e d
b c a
e d b
d a c

10
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The dominations are given by a over b and c; b over c, d,
and e; c over d; d over a; and e over a, c, and d; moreover,
e Pareto-dominates d. We first argue that TC (P,A) = A.
Let D be any set with the property from the definition of
TC . If e /∈ D, then D ⊆ {b} because only b dominates
e; but b does not dominate a, a contradiction. Hence, e ∈
D. If b /∈ D, then D ⊆ {a} because only a dominates b,
contradicting e ∈ D; hence, b ∈ D. If a /∈ D, every element
of D would have to dominate a, which b does not; hence,
a ∈ D. As a does not dominate d, also d ∈ D, and as d
does not dominate c, also c ∈ D. Thus, TC (P,A) = A and
PO(TC )(P,A) = PO(P,A) = {a, b, c, e} =: B because
d is the only Pareto-dominated alternative. In B, the set
{a, b, e} has the property from the definition of TC because
all three alternatives dominate c, and the same reasoning as
before (only b dominates e, only a dominates b, and b does not
dominate a) shows that every set with the property contains
a, b, and e. Hence, TC (P,B) = {a, b, e}, and since none of
these alternatives is Pareto-dominated, PO(TC )(P,B) =
{a, b, e} ̸= PO(TC )(P,A). As d is Pareto-dominated inA,
this violates IPDA, and as PO(TC )(P,A) ⊆ B ⊆ A, it also
violates set-contraction and thereby stability.

For set-contraction ofTC (PO), letS := TC (PO)(P,A)
and S ⊆ B ⊆ A. Alternatives in S are Pareto-optimal in A
and hence also inB, soS ⊆ PO(P,B). We first show that ev-
ery u ∈ S dominates every v ∈ PO(P,B)\S. If v is Pareto-
optimal inA, this follows fromS = TC (P,PO(P,A)). Oth-
erwise, v is Pareto-dominated in A by some Pareto-optimal
alternative d (which exists since Pareto-domination is transi-
tive and asymmetric). As v is Pareto-optimal in B, we have
d /∈ B and thus d /∈ S, so u dominates d, and the initial ob-
servation yields ñuv ≥ ñud > 0. Hence, S has the property
from the definition of TC within PO(P,B), and conse-
quently S′ := TC (PO)(P,B) ⊆ S. Conversely, consider
any u ∈ S′ and w ∈ PO(P,A) \S′. If w ∈ PO(P,B), then
u dominates w by the definition of S′. Otherwise, w /∈ B
because Pareto-optimality in A implies Pareto-optimality in
B for alternatives of B; then w /∈ S, and u ∈ S′ ⊆ S dom-
inates w by the definition of S. Hence, S′ has the property
from the definition of TC within PO(P,A), so S ⊆ S′ and
altogether TC (PO)(P,B) = S.

For set-expansion of TC (PO), let S :=
TC (PO)(P,A) = TC (PO)(P,B). Alternatives in S
are Pareto-optimal in A and in B, and since any alter-
native Pareto-dominating them in A ∪ B would belong
to A or to B, we get S ⊆ PO(P,A ∪ B). Moreover,
PO(P,A ∪ B) ⊆ PO(P,A) ∪ PO(P,B) because alterna-
tives ofA that are Pareto-optimal inA∪B are Pareto-optimal
in A, and analogously for B. Every u ∈ S dominates every
v ∈ PO(P,A ∪ B) \ S: we have v ∈ PO(P,A) \ S or
v ∈ PO(P,B) \S, and in both cases the claim follows from
the definition of S. Hence, S′ := TC (PO)(P,A∪B) ⊆ S.
Conversely, consider any u ∈ S′ and w ∈ PO(P,A) \ S′. If
w ∈ PO(P,A ∪ B), then u dominates w by the definition
of S′. Otherwise, w /∈ S because S ⊆ PO(P,A ∪ B), and
u ∈ S′ ⊆ S dominates w by the definition of S. Hence, S′

has the property from the definition ofTC withinPO(P,A),
so S ⊆ S′ and altogether TC (PO)(P,A ∪B) = S.

To see that TC (PO) violates expansion, consider the

following profile with three voters and the feasible sets
A = {a, b, c, d} and B = {a, b, e, f}.

1 1 1

a b f
d d c
e e b
f f d
c a a
b c e

Here, d Pareto-dominates e and f Pareto-dominates c, and
the dominations are given by a over c and e; b over a, d,
and e; c over b; d over a, c, e, and f ; e over c and f ; and f
over a, b, and c. Since the alternatives Pareto-dominating c
and e are infeasible, PO(P,A) = A and PO(P,B) = B.
We claim that a ∈ TC (PO)(P,A): any set D with the
property from the definition of TC within A that excludes a
satisfies D ⊆ {b, d} because only b and d dominate a; then
c /∈ D, so every element ofD dominates c, which b does not;
hence, D ⊆ {d}, but d does not dominate b, a contradiction.
Analogously,a ∈ TC (PO)(P,B): a set excludinga satisfies
D ⊆ {b, f}; then e /∈ D, so every element ofD dominates e,
which f does not; hence, D ⊆ {b}, but b does not dominate
f , a contradiction. However, PO(P,A ∪ B) = {a, b, d, f},
and {b, d, f} has the property from the definition of TC
within {a, b, d, f} because b, d, and f all dominate a. Hence,
a /∈ TC (PO)(P,A ∪B) and expansion is violated.

Finally, we see that river has to violate binary expansion
due to Theorem 3 and the fact that river refines maximin on
feasible sets of size at most 3.

Lemma 1. Every Condorcet extension that satisfies
anonymity, neutrality, stability, and expansion is a coars-
ening of UC if at most 3 alternatives are feasible.

Proof. The case of |A| = 1 is trivial. For |A| = 2, the
statement follows directly from anonymity, neutrality, and
being a Condorcet extension. Thus, assume in the following
that |A| = 3.

We proceed by case analysis on the majority relation. Let
A = {a, b, c}. Without loss of generality, it suffices to con-
sider the following cases:

• a ≻M b ∧ a ≻M c ∧ b ≻M c
• a ≻M b ∧ a ≻M c ∧ b ∼M c
• a ∼M b ∧ a ≻M c ∧ b ≻M c
• a ∼M b ∧ a ≻M c ∧ b ∼M c
• a ≻M b ∧ a ∼M c ∧ b ≻M c
• a ∼M b ∧ a ∼M c ∧ b ∼M c
• a ≻M b ∧ b ≻M c ∧ c ≻M a

In all of the cases, we let f be any Condorcet extension
satisfying stability and expansion, and P ∈ P be any profile
with the corresponding majority relation.

In the cases of a ≻M b∧a ≻M c∧b ≻M c and a ≻M b∧a ≻M

c ∧ b ∼M c, we have by f being a Condorcet extension that
f(P,A) = {a} = UC (P,A).

11
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In the cases of a ∼M b ∧ a ≻M c ∧ b ≻M c and a ∼M

b ∧ a ≻M c ∧ b ∼M c, we have by f satisfying anonymity
and neutrality that f(P, {a, b}) = {a, b}. Moreover, due to f
being a Condorcet extension, a ∈ f(P, {a, c}). Finally, from
anonymity and neutrality, or being a Condorcet extension,
b ∈ f(P, {b, c}). Due to expansion, these statements entail
a ∈ f(P,A) and b ∈ f(P,A). And in both treated cases
UC (P,A) = {a, b}.

In the case of a ≻M b ∧ a ∼M c ∧ b ≻M c, we have by f
being a Condorcet extension that a ∈ f(P, {a, b}), and by
anonymity and neutrality that a ∈ f(P, {a, c}). Due to ex-
pansion, this entails a ∈ f(P,A). But f(P,A) = {a} would
lead to a contradiction: set-contraction applied to {a} =
f(P,A) ⊆ {a, c} ⊆ A yields f(P, {a, c}) = {a}, whereas
anonymity and neutrality yield f(P, {a, c}) = {a, c}. Fur-
ther, f(P,A) = {a, b} also leads to a contradiction: set-
contraction applied to {a, b} = f(P,A) ⊆ {a, b} ⊆ A
yields f(P, {a, b}) = {a, b}, whereas f being a Condorcet
extension yields f(P, {a, b}) = {a}. The remaining pos-
sibility how f would not be a coarsening of UC (which
chooses all three alternatives) is f(P,A) = {a, c}. Assume
now this is the case. We add a fourth alternative d and derive
a contradiction due to set-expansion. We reveal d in the pref-
erences of voters depending on their (combined) preferences
concerning a, b, and c. More specifically: LetB := {a, c, d}.
In B, d will play the role which b has in A, while a and c
switch their roles. Recall that we have a ∼M c, i.e., when only
considering the feasible set {a, c}, the alternatives a and c
are indistinguishable modulo anonymity and neutrality. This
means, we can define a bijection on alternatives ϕ : A → B
with c = ϕ(a), a = ϕ(c), and d = ϕ(b) together with a bijec-
tion on the electorate ψ : N → N , such that for every voter
i with x ≻i y ≻i z, there exists another voter j = ψ(i) with
ϕ(x) ≻j ϕ(y) ≻j ϕ(z). Thus, due to anonymity and neutral-
ity, f(P,B) = {a, c}. Now, on the one hand, an application
of set-expansion enforces then f(P,A∪B) = {a, c} as well.
On the other hand, by the reasoning in previous cases, we
know that b ∈ f(P, {a, b, d}) and b ∈ f(P, {b, c, d}), since
all other options have been shown to lead to contradictions.
Using expansion, this implies b ∈ f(P,A ∪ B) and thus a
contradiction to the above.

In the case of a ∼M b ∧ a ∼M c ∧ b ∼M c, we have
by anonymity and neutrality that f(P,B) = B for every
B ⊂ A. Due to expansion, this entails f(P,A) = A.

Finally, consider the case of a ≻M b ∧ b ≻M c ∧ c ≻M a.
Assume for contradiction that f(P,A) ̸= A. Without loss
of generality, we have to consider two cases. In the first
case, assume f(P,A) = {a, b}. By set-contraction, it follows
that f(P, {a, b}) = {a, b} as well. Since f is a Condorcet
extension, f(P, {a, b}) = {a}, a contradiction. In the second
case, assume f(P,A) = {a}. By set-contraction, it follows
that f(P, {a, c}) = {a} as well. Again, f being a Condorcet
extension requires f(P, {a, c}) = {c}, a contradiction.

Theorem 2. CP is the only monotonic support-based Con-
dorcet extension that satisfies Pareto-optimality, stability, ex-
pansion, and homogeneity.

Proof. We start by recalling from Theorem 1 that CP satis-
fies stability, expansion, Condorcet-consistency, and Pareto-

optimality. Moreover, CP clearly is a monotonic support-
based SCF and satisfies homogeneity.

Let f denote a monotonic support-based Condorcet ex-
tension that satisfies Pareto-optimality, stability, expansion,
and homogeneity. We first show that CP refines f . Assume
for contradiction that there exist a profile P ∈ P and a
feasible set A ∈ FP such that for some x ∈ A, we have
x ∈ CP(P,A) but x /∈ f(P,A). Two facts are immediate: x
is Pareto-optimal and P does not admit a Condorcet winner
in A (because if it did, both f and CP , being Condorcet ex-
tensions, would uniquely select it, contradicting the choice
of x). Observe that, by Lemma 2, x has to be covered in A.

We will repeatedly add Pareto-dominated alternatives to
A, once for each alternative covering x, such that the respec-
tive covering relation is revoked. In the end, x is uncovered
and hence must be chosen. But as all alternatives we add are
Pareto-dominated and therefore unchosen, this constitutes a
violation of set-contraction (and thus of stability).

First, however, we transform P such that x is covered by
all alternatives. By the way we do it, afterwards we will
have ensured an important property of the profile. We start
with an application of monotonicity. Take the profile P and
let i ∈ N = NP be some arbitrary fixed voter. Obtain P ′

by moving x to the top of i’s preferences while moving it to
the bottom of every other voter’s preferences (top and bottom
with respect toA). By (a reverse application of) monotonicity
for support-based SCFs, we know x /∈ f(P ′, A). Now, we
create the n-fold copy nP ′. We identify each copy of P ′ in
nP ′ with a distinct voter in N : For each voter j ∈ N , let
P ′
j denote the copy of P ′ in nP ′ identified with j. The new

electorate of nP ′ which contains n2 voters shall be written
as N2. A voter in N2 is written as jk, where j, k ∈ N and
the voter has the preference relation of voter k ∈ N in the
profile part P ′

j .
Step by step, we massage nP ′ to finally obtain P̃ . In each

step, we consider a different voter j ∈ N \ {i} and part P ′
j

of nP ′, and we move x to the bottom of voter ji’s prefer-
ences while moving it to the top of voter jj’s preferences
(again with respect to A). Every such transformation main-
tains the invariant that x is not chosen by f since the supports
{nxy}x,y∈A do not change. As a last step, we clone the entire
profile again. The resulting P̃ has 2n2 voters. The two voters
derived from voter jk ∈ N2 will be called jk,1 and jk,2, in
the electorate called 2N2. As announced, in P̃ , x is covered
by every other alternative in A. Moreover, just as P did not
admit a Condorcet winner, P̃ does not. Every transformation
used to obtain P̃ only changed the preferences regarding x or
copied the profile. And since x was initially covered, it can-
not have been the single alternative in P dominating some
other.

We have arrived at the step where we turn x uncovered and
thus derive a contradiction. The following procedure shall be
executed for each alternative y ∈ A \ {x}. After it, y will
not cover x anymore. Moreover, the fact that no Condorcet
winner exists does not change, although we add a new alter-
native to the feasible set. Start by identifying some alternative
z that (at least weakly) dominates y. Such an alternative has
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to exist because P̃ does not admit a Condorcet winner. We
add an alternativew to the feasible set, revealing it in P̃ . This
w has three properties. First, it is dominated by x. Second,
it (weakly) dominates y. Third, it is Pareto-dominated by z.
Since the output of neutral SCFs only depends on preferences
between feasible alternatives, we have a free hand in how the
voters’ preferences concerning w look like. Let j ∈ N be
some voter with z ≻j y in P . Such a voter exists because the
majority relation between alternatives other than x has not
changed from P to P̃ . For the original voter j ∈ N , there
exist now exactly two associated voters in 2N2 who rank x
first in P̃ , namely jj,1 and jj,2. For these, it holds in partic-
ular that x ≻jj,1 z ≻jj,1 y, respectively x ≻jj,2 z ≻jj,2 y.
They are the ones enabling us to weave w into our profile
the desired way. We group all voters in 2N2 into two kinds:
those who prefer y over z and those who prefer z over y.
For all voters of the first kind, we reveal w at the bottom of
their preference rankings. Note that this can be at most n2
of them. If there are strictly less, continue with voters of the
second kind (importantly not jj,1 or jj,2) and keep revealing
w at the bottom of their rankings untilw has been revealed at
the bottom of exactly n2 voters’ rankings. For the remaining
voters, revealw directly below z in their rankings. This proof
step is illustrated in Figure 2.

To sum up, we have now2voters (jj,1 and jj,2) rankingx ≻
z ≻ w ≻ y, n2 voters ranking x, y, z ≻ w (the order among
x, y, and z differs and does not matter), and n2 − 2 voters
ranking z ≻ w ≻ y ≻ x or x ≻ z ≻ w ≻ y. We see that our
three properties are ensured: First, since at least n2+2 voters
rank x ≻ w, we have that x dominates w. Second, since n2

voters rank w ≻ y, we have that w weakly dominates y.
Third, clearly z Pareto-dominates w. In particular, the first
two properties combined break the covering of y over x
in the new feasible set. As explained above, repeating this
procedure for every alternative covering x eventually makes
x uncovered (because we also never introduce new coverings
of x), and this while only adding unchosen alternatives—a
contradiction due to Lemma 2.

Finally, we show that f refines CP . To this end, first ob-
serve that by Pareto-optimality, f has to refine CP on all
profiles without a Condorcet winner. Second, on all profiles
with a Condorcet winner, f selects only that winner because
it is a Condorcet extension. Again, we get that f refines CP .
All in all, we have shown that f = CP .
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... y . . .

... . . . . . . w w . . . . . . . . .
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w w w x
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... x

Figure 2: Illustration of a proof step of Theorem 2. The profile shows how the newly feasible alternative w is Pareto-dominated
by z but revokes the covering of y over x. The voters jj,1 and jj,2, who rank x ≻ z ≻ y, are essential for this. All other shown
voters’ preferences are exemplary. The vertical rules separate the different profile “parts”. Note that, in contrast to our other
profile illustrations, the column headers denote voters, not numbers of voters.
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